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Abstract
Computing the renormalized masses and S-matrix elements in string theory, involving states
whose masses are not protected from quantum corrections, requires defining off-shell amplitude
with certain factorization properties. While in the bosonic string theory one can in principle
construct such an amplitude from string field theory, there is no fully consistent field theory for
type II and heterotic string theory. In this paper we give a practical construction of off-shell
amplitudes satisfying the desired factorization property using the formalism of picture changing
operators. We describe a systematic procedure for dealing with the spurious singularities of
the integration measure that we encounter in superstring perturbation theory. This procedure
is also useful for computing on-shell amplitudes, as we demonstrate by computing the effect
of Fayet-Iliopoulos D-terms in four dimensional heterotic string theory compactifications using
this formalism.
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1 Introduction
The usual formulation of critical string theories allows us to compute S-matrix elements of
external states which do not suffer any mass renormalization. However generic states of string
theory do undergo mass renormalization and for these states the usual string amplitudes do not
compute S-matrix elements beyond tree level. The main reason for this is that the conformal
invariance of the vertex operators requires us to set the momenta ki carried by the external
states to satisfy k2i = −m
2
i where mi is the tree level mass of the state. On the other hand
computing S-matrix elements via the LSZ prescription requires us to impose the constraints
k2i = −m
2
i,p where mi,p is the renormalized mass of the state. Thus if mi,p 6= mi there is an
apparent conflict between the two conditions.
If we had an underlying string field theory then one could use this to define off-shell am-
plitudes and then use the standard LSZ prescription to compute S-matrix elements. Even in
the absence of a string field theory one can give an ad hoc definition of off-shell amplitudes
in string theory [1] (see also [2–8]). This has been fully developed in the context of bosonic
string theory. The main problem with these amplitudes however is that the result depends
on additional spurious data encoded in the choice of local coordinate system at the punctures
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where the vertex operators are inserted. Since there is no canonical way of choosing these local
coordinates the result for the off-shell amplitude is ambiguous.
The suggestion made in [9,10] was to go ahead and compute the renormalized masses and
S-matrix elements using these off-shell amplitudes despite the latter’s dependence on spurious
data, and then prove that the renormalized masses and the S-matrix elements computed this
way do not depend on the spurious data. Refs. [9, 10] were able to establish the latter result
provided we restrict the choice of local coordinates to within a special class – those satisfying
the requirement of gluing compatibility. This means that if we are near a boundary of the
moduli space where the punctured Riemann surface Σ used for computing an amplitude can
be represented by two separate punctured Riemann surfaces Σ1 and Σ2 glued at one each
of their punctures using the standard plumbing fixture prescription, then the choice of local
coordinates at the external punctures of Σ must agree with those induced from the choice of
local coordinates at the punctures of Σ1 and Σ2. As long as we restrict the choice of local
coordinates at the punctures within this class, the results for the physical quantities were
shown to be independent of the choice of local coordinates.
For bosonic string theory we also have an underlying string field theory [11, 12]. Off-shell
amplitudes computed from this field theory in the Siegel gauge fall within the general class of
off-shell amplitudes described in [1], and automatically come with a set of gluing compatible
coordinate system [13]. Thus the renormalized masses and S-matrix elements computed from
string field theory would also agree with the ones computed with a general system of gluing
compatible local coordinate system.
The discussion above should have an immediate generalization to supersymmetric string
theories. The computation of on-shell amplitudes in this theory has undergone much clarifica-
tion in recent years [14–19] where the notion of local coordinate systems on Riemann surfaces
is replaced by local superconformal coordinates on super-Riemann surfaces and the final result
for the amplitude is expressed as an integral over supermoduli spaces of super-Riemann sur-
faces instead of ordinary moduli spaces of Riemann surfaces. Generalizing the results of [9,10]
we would expect that the definition of an off-shell amplitude will now depend on the choice of
local super-conformal coordinate system at the punctures, and that as long as the choice of the
local superconformal coordinate system at the punctures is gluing compatible, the result for
physical quantities should be independent of the choice of these coordinate systems. However
the complete set of rules for off-shell amplitudes in superstring theory have not been laid out,
although [15, 16] go a long way. Another route to defining off-shell amplitudes in superstring
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theory would be to develop a superstring field theory. Despite considerable progress [20–31]
this has not yet been fully achieved. This prevents us from carrying out explicit computation
of renormalized masses and S-matrix elements in string theory except at low orders (e.g. at
one loop order two point amplitude with on-shell external states is enough to compute the
renormalized mass).
The goal of this paper is to give a definition of off-shell amplitude in superstring theory
which can be used for practical computation. However instead of using superconformal formal-
ism where the spurious data resides in the choice of local superconformal coordinates at the
punctures, we shall use the formalism involving picture changing operators [32, 33] where the
spurious data resides in the choice of local bosonic coordinate system at the punctures and the
locations of the picture changing operators. Thus in this formalism the off-shell amplitudes are
expressed as integrals over the moduli spaces of ordinary punctured Riemann surfaces, with
the integrand being appropriate correlations functions of off-shell vertex operators, ghost fields
and picture changing operators.
It has been known since [33] that the choice of locations of the picture changing operators
corresponds to a choice of gauge for the gravitino field. It has also been known from the work
of [19] that it is not possible to make a global choice of gauge for the gravitino field – we must
work with different gauge choice in different parts of the moduli space. This breakdown of
global gauge choice for the gravitino shows up in the picture changing formalism as spurious
singularities of the integration measure appearing in a real codimension two subspace of the
moduli space. We give a procedure for dealing with these singularities by introducing the
notion of ‘vertical integration’ – integrating along a direction in which the location of the
picture changing operators vary keeping the moduli fixed. The off-shell amplitude defined this
way is ambiguous, but this ambiguity is at the same level as the one associated with the choice
of locations of the picture changing operators and does not affect the renormalized masses or
S-matrix elements.
The rest of the paper is organised as follows. In §2 we review the construction of off-shell
amplitudes in bosonic string theory, following closely the work of [1, 12]. In §3 we generalize
this construction to off-shell NS sector amplitudes in superstring theory using picture changing
operators. We allow the locations of the picture changing operators to vary as we change the
moduli of the Riemann surface. In this case we need to take into account the fact that the
correlation function for computing the integration measure requires insertion of additional
operators related to the picture changing operators by a set of descent equations [21, 33].
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In §4 we discuss the origin of the spurious poles in the superstring integration measure and
our method of dealing with them using the notion of vertical integration. In §5 we use this
formalism to show that the renormalized masses and S-matrix elements of special states are
independent of the choice of the locations of the picture changing operators even though the off-
shell amplitudes do depend on them. In §6 we extend our prescription to amplitudes involving
Ramond sector external states. This turns out to be more subtle than those involving NS
sector external states and we suggest a way to deal with these subtleties by giving up manifest
symmetry of the off-shell amplitude under the permutations of the external states. This will
lead to a sensible approach if the S-matrix elements can be shown to have the permutation
symmetry, but this has not been proved. Finally in §7 we illustrate the utility of our method
even for on-shell amplitudes by applying it to compute the effects of Fayet-Iliopoulos terms
in SO(32) heterotic string theory compactified on Calabi-Yau 3-folds [34] . This computation
has been done earlier in different formalism [35–41], and our analysis using picture changing
operator yields results in agreement with the earlier results.
We end this introduction with a word on convention. As emphasized in [9,10], an off-shell
amplitude Γ
(n)
a1···an(k1, · · ·kn) in string theory – where ai denotes the quantum numbers and ki
denotes the momentum of the i-th external state – do not compute the analog of the off-shell
Green’s function G
(n)
a1···an(k1, · · ·kn) in a quantum field theory. Instead the two are related as
Γ(n)a1···an(k1, · · ·kn) = G
(n)
a1···an
(k1, · · · kn)
n∏
i=1
(k2i +m
2
i ) (1.1)
where mi is the tree level mass of the i-th external state. Throughout this paper this is what
we shall analyze. Of course once we have computed Γ(n), it is easy to find G(n) using (1.1).
2 Off-shell amplitudes in the bosonic string theory
In this section we shall review the construction of off-shell amplitudes in bosonic string the-
ory [1,12] following closely the conventions of [12]. LetMg,n denote the moduli space of genus
g Riemann surface with n punctures, Pg,n denote the moduli space of genus g Riemann surface
with n punctures with some choice of local coordinates around each puncture and P̂g,n denote
the quotient of Pg,n by independent phase rotation of the local coordinate around each punc-
ture. Both Pg,n and P̂g,n are infinite dimensional spaces. We also denote by Mg the moduli
space of genus g Riemann surface without the punctures. Then we have the natural projection
Pg,n → P̂g,n →Mg,n →Mg , (2.1)
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which corresponds to forgetting about some part of the data at each step. In fact we can regard
Pg,n to be a fiber bundle over the base P̂g,n with the phases of the local coordinates acting as
the fiber directions, P̂g,n as the fiber bundle over the base Mg,n with the choice of the local
coordinates at the punctures up to phases as the fiber directions, andMg,n as the fiber bundle
over the base Mg with the locations of the punctures as the fiber directions.
2.1 Schiffer variation
Let Σ denote an element of Pg,n, i.e. a Riemann surface of genus g and n punctures and
some specific choice of local coordinates around each puncture. For given Σ, let wa be the
choice of local coordinate around the a-th puncture with the puncture situated at wa = 0. We
shall assume that the coordinates {wa} have been chosen (possibly by scaling them with small
numbers) so that wa is a valid coordinate system on Σ for |wa| ≤ 1. We denote by Da the disk
|wa| < 1. It will also be convenient to choose some fixed coordinate system on Σ − ∪aDa. A
concrete way to do this is as follows. We can cut Σ− ∪aDa along 3g − 3 + 2n homotopically
non-trivial circles to divide Σ − ∪aDa into 2g − 2 + n disjoint parts, each with the topology
of a sphere with three holes. We can then label the i-th part σi by a complex coordinate zi in
which σi takes the form of a complex plane with three holes cut out of it. We shall denote by z
the collection of the coordinates {zi}. At the boundary circle separating two such components
σi and σj , the coordinates zi and zj are related by some functional relation
zi = fij(zj) (2.2)
where fij(zj) is an analytic function that maps the common circle between σi and σj from
the zj plane to the zi plane in a one to one fashion but could have singularities elsewhere.
Furthermore the coordinates wa labelling the local coordinates on the punctures are also related
to the coordinate z of one of the components σi – that shares the boundary circle |wa| = 1 –
by a functional relation of the form
z = fa(wa) , (2.3)
where fa maps the circle |wa| = 1 to the corresponding circle in the z-plane in a one to one
fashion but could have singularities both inside Da as well as on Σ−Da. Note that by an abuse
of notation, in (2.3) we have labelled the coordinate of σi as z. Since there is always a unique
σi that shares a boundary with Da, this will not cause any confusion. The information about
the moduli of the Riemann surface as well as the local coordinate system around the punctures
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is then contained in the transition functions fij and fa, although they are not all independent.
For example an infinitesimal coordinate transformation of the form zi → zi+ǫv(zi) where v(zi)
is a non-singular vector field on σi will change the fij(zj)’s and possibly some fa(wa) if the
i-th component shares a boundary with Da, but these changes do not change the moduli of
the Riemann surface or the local coordinates around the punctures.
We’ll need to study the tangent space of Pg,n associated with deformations of the punctured
Riemann surface and/or the choice of local coordinates around the punctures. There are various
ways of describing this tangent space e.g. by infinitesimal deformations of the various functions
fij(zj) and fa(wa), but one convenient way of doing this is via the Schiffer variation. The idea
of Schiffer variation is that locally we can generate the full set of deformations in Pg,n by
deforming the functions fa(wa) keeping the fij(zj)’s fixed. We shall now describe how it can
be used to define a tangent to Pg,n. Let us consider a deformation in Pg,n labelled by an
infinitesimal parameter ǫ and let f ǫa be the deformed form of fa. We introduce the coordinate
system wǫa via the relations
z = f ǫa(w
ǫ
a) . (2.4)
We can combine (2.3) and (2.4) to get a relation between wǫa and wa of the form
wǫa = (f
ǫ
a)
−1(fa(wa)) = wa + ǫv
(a)(wa) , (2.5)
for some vector field v(a)(wa) that is non-singular around the |wa| = 1 curve but can have
singularities away from it. Thus we can use the vector field v(a)(wa) to describe a tangent
vector of Pg,n. We can also use (2.3)-(2.5) to write
f ǫa(wa) = fa(wa)− ǫ v
(a)(z), v(a)(z) ≡ f ′a(wa)v
(a)(wa) . (2.6)
By an abuse of notation we have used the same symbol v(a)(z) with changed argument to
represent the vector field v(a)(wa) written in the z coordinate system.
In order to be more general let us consider such vector fields around each puncture and
consider a deformation of the type given in (2.5) around each puncture. Together they describe
a deformation of Pg,n and hence a tangent vector of Pg,n labelled by ~v = (v(1), · · · v(n)). It is
easy to verify that if δ~v denotes the tangent vector of Pg,n generated by ~v, then we have
[δ~v1 , δ~v2 ] = δ[~v2,~v1], [~v2, ~v1]
(a) ≡
(
v
(a)
2 (z)∂zv
(a)
1 (z)− v
(a)
1 (z)∂zv
(a)
2 (z)
)
. (2.7)
Now we have the following general results (see e.g. section 7 of [12] for proofs of these results):
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1. Let v(z) be a globally defined vector field on Σ that is holomorphic everywhere except
possibly at the punctures. If v(a)(z) is the restriction of v(z) to ∂Da, then the deforma-
tions generated by ~v(z) ≡ (v(1)(z), · · · v(n)(z)) can be removed by coordinate redefinition
on Σ− ∪aDa, i.e. a redefinition of the coordinates zk on σk. Thus ~v(z) describes a van-
ishing tangent vector on Pg,n.1 This also works in the reverse direction, i.e. if the n-tuple
of vector fields (v(1), · · · v(n)) fail to extend holomorphically into Σ as a globally defined
vector field away from the punctures then ~v(z) does describe a non-trivial deformation
on Pg,n.
2. If ~v(z) does not extend holomorphically into Σ − ∪aDa, but extends holomorphically
into the Da’s and vanish at the punctures, then it describes the same point in Mg,n but
deforms the choice of local coordinate system around the punctures.
3. If ~v(z) does not extend holomorphically into Σ−∪aDa, but extends holomorphically into
the Da’s and does not vanish at the punctures, then it describes the same point in Mg
but moves one or more of the punctures.
4. If ~v(z) does not extend holomorphically into Σ − ∪aDa, and has poles at one or more
punctures, then it describes a deformation onMg, i.e. changes the moduli of the underly-
ing Riemann surface. Furthermore the complete set of complex deformations of Mg can
be obtained by choosing a set of 3g− 3 such vector fields with poles of order 1, · · ·3g− 3
at any of the punctures.
In the following we shall continue to denote by z some fixed coordinate system on Σ − ∪aDa
represented by the collection of the zi’s, and by wa the local coordinates around the punctures.
2.2 Surface states
A surface state 〈Σ| associated with a Riemann surface Σ with n punctures is a state in the dual
space of the n-fold tensor product of the Hilbert space H of the underlying CFT. It describes
the state that is created on the boundaries of Da by performing the functional integral over
the fields of the CFT on Σ− ∪aDa. More precisely, if we consider a state |Ψ1〉 ⊗ · · · ⊗ |Ψn〉 in
H⊗n, then
〈Σ|(|Ψ1〉 ⊗ · · · ⊗ |Ψn)〉 (2.8)
1Such a vector field will generate a deformation in a bigger space that contains information about not only
the local coordinates around the punctures but also the coordinate system zk on the σk’s.
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describes the n-point correlation function on Σ with the vertex operator for |Ψa〉 inserted at the
a-th puncture using the local coordinate system wa around that puncture. Thus 〈Σ| depends
not only on the moduli labelling Mg,n but also on the choice of local coordinates around the
punctures. 〈Σ| satisfies the identity
〈Σ|
n∑
r=1
Q
(a)
B = 0 , (2.9)
where Q
(a)
B is the BRST operator acting on the Hilbert space of states at the a-th puncture.
Furthermore they also satisfy the identity (see e.g. [12]):
δ~v〈Σ| = −〈Σ|T (~v),
T (~v) ≡
(∑
a
∮
dwav
(a)(wa)T
(a)(wa) +
∑
a
∮
dw¯av¯
(a)(w¯a)T¯
(a)(w¯a)
)
=
(∑
a
∮
dzv(a)(z)T (a)(z) +
∑
a
∮
dz¯v¯(a)(z¯)T¯ (a)(z¯)
)
,
(2.10)
where δ~v is the tangent vector of Pg,n associated with the Schiffer variation induced by the
vector fields ~v, T (a), T¯ (a) are the stress tensor components acting on the Hilbert space of the
a-th puncture, and the integration contour over wa (w¯a) runs in the anti-clockwise (clockwise)
direction around each puncture and includes the usual 1/2πi normalization factors so that∮
dw/w =
∮
dw¯/w¯ = 1. In going from the second to the third line we have used the fact that
v(a)(z)T (a)(z) transforms as a one form under a coordinate transformation. Using (2.10) and
the Virasoro commutation relations it is easy to verify that
[T (~v1), T (~v2)] = T ([~v2, ~v1]) . (2.11)
Note that ~v and i~v describe independent deformations. Equivalently we can take ~v and ~¯v to
be independent.
2.3 Integration measure on Pg,n
We now describe the construction of a p-form on Pg,n that can be integrated over a p-
dimensional subspace – henceforth refered to as an integration cycle. Let |Φ〉 denote some
element of H⊗n. Now by definition a p-form should generate a number when contracted with
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p tangent vectors of Pg,n and this number should be anti-symmetric under the exchange of
any pair of tangent vectors. Since tangent vectors are labelled by the n-tuple of vector fields
~v, what we are looking for is a multilinear function of p such n-tuple of vector fields. Let
V1, · · ·Vp be p tangent vectors of Pg,n and let ~v1, · · ·~vp be the corresponding n-tuple vector
fields. First we introduce an operator values p-form Bp, whose contraction with the tangent
vectors V1, · · ·Vp is given by
Bp[V1, · · ·Vp] = b(~v1) · · · b(~vp) (2.12)
where b(~v) is defined in the same way as T (~v):
b(~v) ≡
(∑
a
∮
dwav
(a)(wa)b
(a)(wa) +
∑
a
∮
dw¯av¯
(a)(w¯a)b¯
(a)(w¯a)
)
≡
(∑
a
∮
dzv(a)(z)b(a)(z) +
∑
a
∮
dz¯v¯(a)(z¯)b¯(a)(z¯)
)
, (2.13)
b, b¯ being the anti-ghost fields. Bp is clearly anti-symmetric under the exchange of a pair of
~vi’s. Then we define the p-form Ω
(g,n)
p as [12]:
Ω(g,n)p (|Φ〉) = (2πi)
−(3g−3+n) 〈Σ|Bp|Φ〉 . (2.14)
Ghost number conservation on the genus g Riemann surface tells us that if |Φ〉 carries total
ghost number nΦ then we must have
nΦ − p = 6− 6g , (2.15)
in order for Ω
(g,n)
p (|Φ〉) to be non-zero.
Now it follows from our previous discussion that if there is a globally defined holomorphic
vector field on the whole of Σ − ∪aDa, then adding to each ~vi an arbitrary multiple ci of v
describes the same set of tangent vectors in Pg,n. One can show that this addition does not
change the value of Ω
(g,n)
p (|Φ〉) given in (2.14). The proof of this uses the fact that such a
deformations adds to b(~vi) a term ci
∮
v(z)b(z)dz where the integration contour winds around
all the punctures. We can now deform the contour in the interior of Σ and contract it to a
point showing that the corresponding contribution vanishes.
This shows that Ω
(g,n)
p indeed describes a p-form in Pg,n and not in a bigger space that also
keeps track of possible addition of globally defined vector fields to the v
(a)
i ’s.
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2.4 Restriction to P̂g,n
So far we have worked with states in the general Hilbert space H of matter-ghost CFT. From
now on we shall work with a restricted Hilbert space H0 defined via the condition
|Ψ〉 ∈ H0 if (b0 − b¯0)|Ψ〉 = 0, (L0 − L¯0)|Ψ〉 = 0 , (2.16)
and take |Φ〉 to be an element of H⊗n0 . Fot later use we shall also introduce the subspace H1
containing off-shell states of ghost number two in the Siegel gauge
|Ψ〉 ∈ H1 if |Ψ〉 ∈ H0, (b0 + b¯0)|Ψ〉 = 0 , ghost number (|Ψ〉) = 2 . (2.17)
The physical states which will appear as external states in S-matrix computation will be of
this type.
One can show that for states satisfying (2.16) the following properties hold:
1. The p-form given in (2.14), contracted with a tangent vector of Pg,n whose projection
onto P̂g,n vanishes, vanishes. This follows from the fact that such a tangent vector
represents a deformation in which local coordinates at the punctures change by phases.
Using (2.13) we see that contracting such a tangent vector with the p-form will insert
into the correlation function a b(~v) that is a linear combination of
∮
wadwab
(a)(wa) −∮
w¯adw¯ab¯
(a)(w¯a) = b
(a)
0 − b¯
(a)
0 . This vanishes by (2.16).
2. The p-form given in (2.14) remains unchanged if we move in Pg,n along a direction
that leaves its projection into P̂g,n unchanged. Since such a deformation corresponds to
changing the local coordinates at the punctures by phases, we see from (2.10) that they
correspond to insertions of a linear combination of
∮
wadwaT
(a)(wa)−
∮
w¯adw¯aT¯
(a)(w¯a) =
L
(a)
0 − L¯
(a)
0 . This vanishes by (2.16).
This essentially tells us that the p-form defined in (2.14) can be regarded as a p-form on P̂g,n.
2.5 BRST identity
We shall now describe an important identity that is used for proving many properties of the
off-shell amplitude. Let us denote by |Φ〉 a state in H⊗n0 . Then we have the identity
Ω(g,n)p (QB|Φ〉) = (−1)
p dΩ
(g,n)
p−1 (|Φ〉) , (2.18)
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where QB =
∑n
a=1Q
(a)
B , Q
(a)
B being the BRST operator acting on the a-th copy of H. Since this
is an important identity that needs to be generalized for superstring theories, we shall review
its proof [12]. For this let V̂1, · · · V̂p be a set of p tangent vectors of P̂g,n, and Ω
(g,n)
p (V̂1, · · · V̂p) be
the contraction of these p tangent vectors with Ω
(g,n)
p . Furthermore let ~v1, · · ·~vp be the n-tuple
vector fields associated with the tangent vectors V̂1, · · · V̂p. Then by definition:
dΩ
(g,n)
p−1 (V̂1, · · · V̂p) =
p∑
i=1
(−1)i+1V̂iΩ
(g,n)
p−1 (V̂1, · · · , 6 V̂i · · · , V̂p)
+
∑
1≤i<j≤p
(−1)i+jΩ(g,n)p−1 ([V̂i, V̂j ], V̂1, · · · , 6 V̂i, · · · 6 V̂j, · · · , V̂p) , (2.19)
where 6 indicates that the corresponding entry is deleted from the list and the V̂i in the first
term on the right hand side has to be regarded as a differential operator involving derivative
with respect to the coordinates of P̂g,n. Now using (2.7), (2.12), (2.14) and (2.19) we can
translate (2.18) to
〈Σ|b(~v1) · · · b(~vp)QB|Φ〉 =
p∑
i=1
(−1)p+i+1δ~vi〈Σ|b(~v1) · · · 6 b(~vi) · · · b(~vp)|Φ〉
+
∑
1≤i<j≤p
(−1)p+i+j〈Σ|b([~vi, ~vj])b(~v1) · · · 6 b(~vi) · · · 6 b(~vj) · · · b(~vp)|Φ〉
=
p∑
i=1
(−1)p+i〈Σ|T (~vi)b(~v1) · · · 6 b(~vi) · · · b(~vp)|Φ〉
+
∑
1≤i<j≤p
(−1)p+i+j〈Σ|b([~vi, ~vj])b(~v1) · · · 6 b(~vi) · · · 6 b(~vj) · · · b(~vp)|Φ〉 .
(2.20)
To prove this equation we begin with the left hand side and move QB to the extreme left
picking up commutators on the way. When QB acts on 〈Σ| the result vanishes by eq.(2.9). So
we only need to worry about the (anti-)commutators. Using the fact that
{QB, b~v} = T~v , (2.21)
we can express this into a sum of p terms where in the i-th term the b(~vi) is replaced by T (~vi)
and we pick an extra factor of (−1)p−i. Next we move the T (~vi) in the i-th term to the extreme
left thereby generating the first set of terms on the right hand side of (2.20). However in that
process we pick up commutators with b(~vj)’s using the relation
[T (~vi), b(~vj)] = −b([~vi, ~vj ]) , (2.22)
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and then move the b([~vi, ~vj ]) factor to the extreme left. This generates an extra factor of
(−1)j−1. Finally exchanging the labels i and j we recover the second set of terms on the right
hand side of (2.20).
2.6 General parametrization of tangent vectors
Even though the Schiffer variations are able to describe arbitrary tangent vectors in P̂g,n, and
are the most convenient ones for deforming the local coordinate system around the punctures
and the locations of the punctures on a fixed Riemann surface, they are not always the most
convenient way of describing the variation of the moduli of the Riemann surface itself. A
more general description of a tangent vector can be given by deforming the functions fij(zj)
introduced in §2.1. In this case by following the same procedure as in (2.6) we can introduce
the relations
zi = f
ǫ
ij(z
ǫ
j), z
ǫ
j = (f
ǫ
ij)
−1(fij(zj)) ≡ zj + ǫv(zj) , (2.23)
where v(zj) is a vector field on the Riemann surface that is analytic inside an annulus containing
the common boundary circle between σi and σj. Then the contraction of Ω
(g,n)
p with the
corresponding tangent vector is given by inserting into the correlation function a factor of
b(v) =
(∮
dzjv(zj)b(zj) +
∮
dz¯j v¯(z¯j)b¯(z¯j)
)
(2.24)
with the integration contour over zj (z¯j) running along the circle forming the common boundary
of σi and σj keeping the σj component to its left (right). This is the generalization of the
statement that the contour of integration over wa (w¯a) in (2.13) was anti-cockwise (clockwise)
in the wa plane.
The simplest example of this is the plumbing fixture relation:
zw = q , (2.25)
where q is a complex parameter labelling the ‘plumbing fixture variable’. The z coordinate
system is used in the region |z| ≥ |q|1/2 and the w coordinate system is used in the region
|w| ≥ |q|1/2. If we regards q and q¯ as independent variables and consider the tangent vector
∂/∂q then the corresponding vector field v(z) computed from (2.6) is given by −q−1z. Thus
the contraction of Ω
(g,n)
p with such a vector will insert
− q−1
∮
dz z b(z) (2.26)
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into the correlation function. The contour runs anti-clockwise around z = 0 along |z| = |q|1/2.
By appropriate deformation of the integration contour this definition of Ω
(g,n)
p can be shown
to be equivalent to the one given in terms of Schiffer variation.
2.7 Off-shell amplitude and gluing compatibility
So far we have described the construction of natural p-forms on P̂g,n for a given set of external
states in H⊗n. If we restrict the external states at the punctures by requiring each of them
to have ghost number 2, so that the corresponding state |Ψ1〉 ⊗ · · · ⊗ |Ψn〉 carries total ghost
number 2n, then (2.15) tells us that (2.14) vanishes unless
p = 6g − 6 + 2n . (2.27)
This is exactly the correct dimension of the moduli space of genus g Riemann surfaces. However
for off-shell external states the 6g − 6 + 2n-form defined in (2.14) does not descend down to
a 6g − 6 + 2n-form on Mg,n since it depends on the choice of local coordinate system at
the punctures and has non-vanishing contraction with tangent vectors which correspond to
deformation of the local coordinates without any deformation of Mg,n. Thus the best we can
do is to regard P̂g,n as a fiber bundle over Mg,n and integrate this (6g − 6 + 2n)-form over
a section of the fiber bundle. This defines the off-shell string amplitude for external states
|Ψ1〉, · · · , |Ψn〉. The result depends on the choice of the section, reflecting the fact that the off-
shell amplitudes depend on the choice of local coordinate system around the puncture. However
the physical quantities like the renormalized masses and S-matrix elements are independent of
the choice of the section [9, 10].
As discussed in [9, 10], for consistent off-shell amplitudes we need to impose on the choice
of this section the requirement of gluing compatibility. This says that near a boundary of the
moduli space when a genus g surface with n-punctures degenerates into a genus g1 surface with
n1 punctures and a genus g2 surface with n2 punctures with g = g1 + g2 and n = n1 + n2 − 2,
the choice of local coordinates on the original surface must be taken to be those induced from
the local coordinates at the punctures on the two surfaces into which it degenerates. More
precisely suppose that u1, · · ·un1 denote the local coordinates around the n1 punctures of the
genus g1 Riemann surface and v1, · · · vn2 denote the local coordinates around the n2 punctures
of the genus g2 Riemann surface. Suppose further that we construct the genus g1+g2 Riemann
surface by gluing the a-th puncture of the first surface and the b-th puncture of the second
surface using the plumbing fixture relation:
uavb = e
−s+iθ, 0 ≤ s <∞, 0 ≤ θ < 2π . (2.28)
This will automatically give a choice of local coordinates on the genus g1 + g2 Riemann sur-
face with n1 + n2 − 2 punctures. The requirement is that for all Riemann surfaces of genus
g = g1 + g2 with n = n1 + n2 − 2 punctures which can be constructed this way, the local
coordinates at the punctures must be taken to be the ones that is induced from the choices
(u1, · · · 6ua, · · ·un1 , v1, · · · 6vb, · · · vn2). The off-shell Siegel gauge amplitudes constructed from
closed string field theory automatically induces such gluing compatible local coordinate sys-
tem [13].
A more explicit description of this condition is as follows. Let us describe the first Riemann
surface as a collection of different components {σ(1)k } and D
(1)
1 , · · ·D
(1)
n1 as in §2.1 and the second
Riemann surface as a collection of different components {σ(2)k } and D
(2)
1 , · · ·D
(2)
n2 . The choice
of the sections in P̂g1,n1 and P̂g2,n2 correspond to specific relations between the coordinate
systems on these different components on their common boundary circles. Now one of the
components σ
(1)
k , which has common boundary with D
(1)
a , is glued to one of the components
σ
(2)
k , having common boundary with D
(2)
b , according to (2.28) to form the Riemann surface of
genus g and n punctures. For such Riemann surfaces we can label the coordinates of Mg,n by
the cooordinates of Mg1,n1 , coordinates of Mg2,n2 , s and θ. On the other hand the coordinate
of Pg,n can be described by specifying the relationship between the coordinate systems on
{σ(1)k }, {σ
(2)
k }, D
(1)
1 , · · · 6D
(1)
a , · · ·D
(1)
n1 and D
(2)
1 , · · · 6D
(2)
b , · · ·D
(2)
n2 on their overlap circles. Then
the gluing compatibility condition requires that the section in P̂g,n should be chosen such that
the relationships between the coordinates of {σ(1)k } and D
(1)
1 , · · · 6D
(1)
a , · · ·D
(1)
n1 depend only on a
subset of the base coordinates – those labelling Mg1,n1 – but not on the coordinates ofMg2,n2
or s, θ. Furthermore the dependence of these relations on the coordinates of Mg1,n1 must be
the one induced from the choice of the section in P̂g1,n1. Similarly the relationships between
the coordinate systems on σ
(2)
k and D
(2)
1 , · · · 6D
(2)
b , · · ·D
(2)
n2 depend only on the coordinates of
Mg2,n2 according to the choice of the section in P̂g2,n2.
Let us denote by S1 and S2 a pair of sections on P̂g1,n1 and P̂g2,n2 and let S be the (6g−6+
2n) dimensional subspace of P̂g,n = Pg1+g2,n1+n2−2 containing the family of Riemann surfaces
obtained by plumbing fixture of the Riemann surfaces associated with the sections S1 and S2.
Then the tangent space of S can be labelled by ∂/∂s, ∂/∂θ and the tangent vectors of S1 and
S2. It follows that the b-ghost insertions needed for computing the contraction of Ω
(g,n)
6g−g+2n
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with these tangent vectors automatically factorize into
− i B(1)6g1−6+2n1 b
+
0 b
−
0 B
(2)
6g2−6+2n2 , (2.29)
where the superscripts (1) and (2) refer to the two Riemann surfaces, and
b±0 ≡ (b0 ± b¯0), b0 ≡
∮
dua uab(ua), b¯0 ≡
∮
du¯a u¯a b¯(u¯a) . (2.30)
In (2.29) B(1) and B(2) represent the effect of contraction of Ω
(g,n)
6g−6+2n with the tangent vectors
of S1 and S2, b
+
0 represents the effect of contraction of Ω
(g,n)
6g−6+2n with the tangent vector
∂/∂s and −i b−0 represents the effect of contraction of Ω
(g,n)
6g−6+2n with the tangent vector ∂/∂θ.
Furthermore, it follows from (2.29), and the factorization property of correlation functions in
conformal field theories on Riemann surfaces, that the full integration measure Ω
(g,n)
6g−6+2n(|Φ〉),
restricted to S, also factorizes. We shall begin with a more general factorization formula and
then restrict to the case of interest. If |Φ〉 ∈ H⊗n0 has the form |Φ1〉⊗ |Φ2〉 where |Φ1〉 ∈ H
n1−1
0
denotes the states at the external punctures of the first Riemann surface and |Φ2〉 ∈ H
n2−1
0
denotes the states at the external punctures of the second Riemann surface, and if N1 and N2
denote total ghost numbers carried by |Φ1〉 and |Φ2〉, then we have,
Ω(g,n)p (|Φ〉)|S =
1
2π
∑
0≤p1≤6g1−6+2n1, 0≤p2≤6g2−6+2n2
p1+p2=p−2
∑
i,j
〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
(−1)p1p2+N1+p1+1 ds ∧ dθ ∧ Ω(g1,n1)p1 (|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
p2
(|ϕj〉 ⊗ |Φ2〉)|S2
(2.31)
where the subscript S on the left hand side denotes that this relation is valid for Ω
(g,n)
p restricted
to the section S and the subscripts S1 and S2 on the right denotes similar restrictions on Ω
(g1,n1)
p1
and Ω
(g2,n2)
p2 . The sum over i, j runs over all states in H0 and 〈ϕ
c
i | is the conjugate state of |ϕi〉
satisfying
〈ϕci |ϕj〉 = δij, 〈ϕj|ϕ
c
i〉 = (−1)
nϕiδij ,
∑
i
|ϕi〉〈ϕ
c
i | = (−1)
nϕi
∑
i
|ϕcj〉〈ϕj| = 1 , (2.32)
where 〈ϕi| is the BPZ conjugate of |ϕi〉 and nϕi is its ghost number. It follows that |ϕ
c
i〉 does
not belong to H0, but has the form (c0 − c¯0)|χi〉 for some state |χi〉 ∈ H0. In (2.31) one factor
of −1 comes from the combination of −i in (2.29) and the normalization factor (2πi)−3g+3−n in
(2.14). Other sign factors come from rearranging the b-ghost insertions and external operator
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insertions in proper order so as to admit the interpretation given on the right hand side of
(2.31). In particular a factor of (−1)p2N1 arise from the need to move the p2 number of b-ghost
insertions through |Φ1〉 so that they sit next to the external vertex operators inserted on Σ2.
Another factor of (−1)N2+p2 comes from noting that on the right hand side we have once used
the last identity of (2.32) and that the |ϕj〉 involved in this sum has nϕj = 6− 6g2 −N2 + p2.
Finally a factor of (−1)(p2+N2)p2 comes from moving ϕj through the p2 ghost interstions to sit
next to the states |Φ2〉. Together they give the net factor of
(−1)p2N1+(N2+p2)(p2+1)+1 . (2.33)
Using ghost charge conservation we see that in order to get a non-vanishing contribution
to the right hand side of (2.31) we need (−1)N2+p2 = (−1)N1+p1. This reduces (2.33) to
(−1)p1p2+N1+p1+1 as given in (2.31). Eventually integration over θ imposes a projection δL0,L¯0
on |ϕcj〉, and cancels the multiplicative factor of 1/2π.
Another useful formula expresses Ω
(g,n)
p |S restricted to the boundary s = Λ for some large
number Λ. We have to follow the same logic as before except that there are no ds factor in
the wedge product and no b+0 insertion in the correlator. The result is
Ω(g,n)p (|Φ〉)|S;s=Λ =
1
2π
∑
0≤p1≤6g1−6+2n1, 0≤p2≤6g2−6+2n2
p1+p2=p−1
∑
i,j
〈ϕci |b
−
0 e
−Λ(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
(−1)p1p2+p2 dθ ∧ Ω(g1,n1)p1 (|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
p2
(|ϕj〉 ⊗ |Φ2〉)|S2 .
(2.34)
The overall sign is calculated as follows. We begin with the configuration where dθ sits to the
extreme left in the wedge product and b−0 sits to the extreme left in the correlation function.
Following the same manipulation as before we get the sign factor given in (2.33), but now
there is an extra factor of (−1)N1+p1 in order to move the b−0 from the extreme left through
the b-insertions associated with Ω
(g1,n1)
p1 and |Φ1〉. (This factor was absent in the previous case
since what was moved is b+0 b
−
0 .) Now using the fact that ghost charge conservations demands
that (−1)N1+p1 = (−1)N2+p2+1 we get the sign factor given in (2.34).
When each of the states at the external punctures describe Siegel gauge off-shell states
carrying ghost number two, i.e. belong to the subspace H1, then N1 and N2 are even. If we
further restrict to the case pi = 6gi − 6 + 2ni, we get from (2.31)
Ω
(g,n)
6g−6+2n(|Φ〉)|S = −
1
2π
∑
i,j
ds ∧ dθ ∧ Ω(g1,n1)6g1−6+2n1(|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
6g2−6+2n2
(|ϕj〉 ⊗ |Φ2〉)|S2
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×〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉 (2.35)
Since in this case |Φ1〉 has total ghost number 2(n1 − 1) and |Φ2〉 has total ghost number
2(n2− 1), it follows from the ghost number conservation law given in (2.15) that |ϕi〉 and |ϕj〉
must also carry ghost number two. Furthermore the appearance of b+0 b
−
0 = 2 b¯0 b0 in the second
line of (2.35) implies that the basis states |ϕci〉, |ϕ
c
j〉 can be taken to be annihilated by c0, c¯0 and
hence the conjugate basis states |ϕi〉, |ϕj〉 should be annihilated by b0, b¯0. Thus |ϕi〉 actually
belongs to the space H1 described in (2.17). By normalizing the basis states |ϕi〉 to satisfy
〈ϕi|c
−
0 c
+
0 |ϕj〉 = δij , c
±
0 ≡
1
2
(c0 ± c¯0) , (2.36)
we can ensure that
〈ϕci |b
+
0 b
−
0 |ϕ
c
j〉 = δij . (2.37)
Thus we can drop the second line of (2.35), insert the operator e−s(L0+L¯0)eiθ(L0−L¯0) in front of
|ϕi〉 in the first line [9] and set j = i in the sum.
3 Off-shell NS sector amplitudes in superstring theory
In this section we shall construct off-shell amplitudes for NS sector external states in het-
erotic string theory by generalizing the procedure described in [21]. Ramond sector states
require special treatment and will be discussed in §6. Generalization to type II string theory
is straightforward and will be discussed briefly in §3.10. Also in this section we shall assume
that it is possible to choose a gauge for the gravitino globally over the whole moduli space. In
this case we can integrate out the fermionic coordinates of the supermoduli space and express
the amplitudes as integrals over the moduli space of ordinary Riemann surfaces at the cost of
inserting a set of picture changing operators into the world-sheet correlation functions [33]. As
emphasized in [14], this assumption fails at sufficiently high genus. In such cases the measure in
the moduli space, constructed using the picture changing operators, has spurious singularities
in codimension two subspaces of the moduli space where the gauge choice for the gravitino
breaks down [33]. In §4 we shall address how to deal with these spurious singularities.
3.1 Superconformal ghost system and off-shell string states
A classical background in heterotic string theory is based on a two dimensional superconformal
field theory with supersymmetry in the right-moving (holomorphic) sector of the world-sheet.
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Besides the matter superconformal field theory with central charge (26,15), it also has anti-
commuting b, c, b¯, c¯ ghosts and commuting β, γ ghosts with total central charge (−26,−15).
The (β, γ) system can be ‘bosonized’ as
γ = η eφ, β = ∂ξ e−φ, δ(γ) = e−φ, δ(β) = eφ , (3.1)
where ξ, η are fermions and φ is a scalar with background charge. We shall use the standard
convention in which the (ghost number, picture number, GSO) assignments of various fields
are:
c, c¯ : (1, 0,+), b, b¯ : (−1, 0,+), γ : (1, 0,−), β : (−1, 0,−),
ξ : (−1, 1,+), η : (1,−1,+), eqφ : (0, q, (−1)q) . (3.2)
e±φ are fermionic operators. The operator products of b, c, ξ, η and eqφ operators take the
form
c(z)b(w) = (z−w)−1+· · · , ξ(z)η(w) = (z−w)−1+· · · , eq1φ(z)eq2φ(w) = (z−w)−q1q2e(q1+q2)φ(w)+· · · .
(3.3)
With this γ(z)β(w) ∼ −(z − w)−1. This has an additional − sign compared to the standard
convention used e.g. in [14], but we have chosen to stick to the bosonization rules (3.1) of [33].
The BRST charge is given by
QB =
∮
dzjB(z) +
∮
dz¯j¯B(z) , (3.4)
where
j¯B(z¯) = c¯(z¯)T¯m(z¯) + b¯(z¯)c¯(z¯)∂¯c¯(z¯) , (3.5)
jB(z) = c(z)(Tm(z) + Tβ,γ(z)) + γ(z)TF (z) + b(z)c(z)∂c(z) −
1
4
γ(z)2b(z) . (3.6)
Here T¯m(z¯) is the anti-holomorphic part of the matter stress tensor, Tm(z) is the holomorphic
part of the matter stress tensor, Tβ,γ(z) is the stress tensor of the (β, γ) system and TF (z) is the
world-sheet supersymmetry current in the matter sector. The signs of various terms in (3.6)
are consistent with our conventions, as can be seen e.g. from the fact that the components of
the total super stress tensor computed from the (anti-)commutator of QB with b(z), β(z) and
b¯(z¯) satisfy the correct operator product relations. Finally the picture changing operator X is
given by [32, 33]
X (z) = {QB, ξ(z)} = c∂ξ + e
φTF −
1
4
∂ηe2φb−
1
4
∂
(
ηe2φb
)
. (3.7)
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This is a BRST invariant dimension zero primary operator and carries picture number 1.
We shall define the subspace H0 of off-shell states in the matter ghost conformal field theory
as in (2.16) with some additional restrictions:
|Ψ〉 ∈ H0 if (b0−b¯0)|Ψ〉 = 0, (L0−L¯0)|Ψ〉 = 0, η0|Ψ〉 = 0, picture number (|Ψ〉) = −1 .
(3.8)
The η0|Ψ〉 = 0 condition tells us that we are working in the small Hilbert space [32]. It will
also be useful to define a subspace H1 containing off-shell states of ghost number two in the
Siegel gauge
|Ψ〉 ∈ H1 if |Ψ〉 ∈ H0, (b0 + b¯0)|Ψ〉 = 0 , ghost number (|Ψ〉) = 2 . (3.9)
3.2 The integration measure
For simplicity we shall describe the construction of off-shell amplitudes in the heterotic string
theory but the generalization to the case of type II strings is straightforward. On a genus g
Riemann surface, in order to get a non-vanishing correlation function the total picture number
of all the operators must add up to 2g − 2. The naive guess would be that the construction
of the off-shell amplitude would proceed in a manner identical to that in the case of bosonic
string theory except that in the construction of the p-form in the moduli space the surface
state 〈Σ| should be replaced by
〈Σ|K , (3.10)
where K is the product of 2g−2+n picture changing operators. In this case the picture number
carried by the states in H0 inserted at the punctures and the picture changing operators add
up to 2g − 2 as required. We can in fact generalize this a bit by writing
K =
∑
α
A(α)X (z(α)1 )X (z
(α)
2 ) · · · X (z
(α)
2g−2+n) , (3.11)
where the sum over α in (3.11) runs over arbitrary number of values, A(α) are arbitrary real
numbers satisfying
∑
αA
(α) = 1 and z
(α)
1 , · · · z
(α)
2g−2+n are the locations of the picture changing
operators for the α-th term. For definiteness we shall assume that the coordinates z
(α)
i lie on
Σ−∪aDa and are measured in the fixed z coordinate system introduced in §2.1. More precisely
if a picture changing operator is located on the component σk then its location is measured in
the coordinate system zk on σk that we introduced in §2.1.
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With this definition most of the identities satisfied by the off-shell bosonic string theory am-
plitude generalizes to the heterotic string theory provided we continue to impose the conditions
(3.8). There is however one caveat. In proving the analog of (2.18) we have to assume that the
constants A(α) as well as the locations z
(α)
i of the picture changing operators remain fixed as
we move in P̂g,n using Schiffer variation. Otherwise in (2.19) the tangent vector V̂i acting on
the first term on the right hand side will give additional contributions containing derivatives
of A(α) and z
(α)
i with respect to the coordinates on P̂g,n. While it is certainly possible to keep
A(α) and z
(α)
i fixed locally, various global issues may prevent us from keeping them fixed over
the entire section in P̂g,n over which we integrate. Thus we need to allow A(α) and / or z
(α)
i to
depend on the coordinates of P̂g,n. For simplicity we shall take the A(α)’s to be fixed moduli
independent constants and allow the z
(α)
i ’s to be moduli dependent – this is not necessary but
will suffice for our analysis. A minimal remedy will then be to include extra terms in Ω
(g,n)
p that
can account for moduli dependence of the z
(α)
i ’s [21, 33]. However we shall develop a slightly
more general formalism that will be useful for dealing with the spurious poles in §4.
This general formalism involves extending P̂g,n to a larger space P˜g,n by appending the
data on the locations (z1, · · · z2g−2+n) of (2g− 2+ n) picture changing operators to P̂g,n. Thus
P˜g,n can be regarded as a fiber bundle over the base P̂g,n, with zi’s acting as fiber coordinates.
The tangent vectors of P˜g,n can be labelled by
1. Schiffer variations generated by n-tuple of vector fields (v(1)(z), · · · v(n)(z)) keeping the
locations of the picture changing operators fixed in the z coordinate system,
2. ∂/∂zi for every i. These move the picture changing operators keeping fixed the Riemann
surface, the punctures and the coordinate system on the Riemann surface.
A general choice of picture changing operators like the one given in (3.11) with moduli inde-
pendent A(α) can be regarded as a weighted average of several sections of P˜g,n labelled by α.
Since eventually we shall be interested in integrating forms over these sections, the integral of
a form over such weighted averages can be interpreted as the weighted average of the integrals
over different sections.
We now define operator valued r-forms K(r) along the fiber as follows:
K(0) = X (z1)X (z2) · · · X (z2g−2+n) , (3.12)
K(r) =
[
(X (z1)− ∂ξ(z1)dz1) ∧ (X (z2)− ∂ξ(z2)dz2) ∧ · · ·
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∧
(
X (z2g−2+n)− ∂ξ(z2g−2+n)dz2g−2+n
) ](r)
, (3.13)
where the superscript (r) on the right hand side indicates that we need to pick the r form from
the expansion of the terms inside the square bracket. More explicitly, we have
K(1) =
2g−2+n∑
i=1
Si
2g−2+n∏
j=1
j 6=i
X (zj) ,
K(2) =
2g−2+n∑
i,j=1
i<j
Si ∧ Sj
2g−2+n∏
k=1
k 6=i,j
X (zk) ,
· · · = · · ·
K(2g−2+n) = S1 ∧ S2 ∧ · · · ∧ S2g−2+n , (3.14)
where
Si ≡ −dzi∂ξ(zi) . (3.15)
K(r)’s satisfy the ‘descent relations’ [21]
dFK
(r) = (−1)r+1[K(r+1), QB} for 1 ≤ r ≤ 2g − 2 + n, dFK
(2g−2+n) = 0 , (3.16)
where dF denotes exterior derivative along the fiber direction labelled by {zi}:
dFK
(r) ≡
∑
i
dzi ∧
∂
∂zi
K(r) . (3.17)
The symbol [ } stands for commutator if K(r+1) is grassmann even and anti-commutator if
K(r+1) is grassmann odd.
Next we define
Ω(g,n)p (|Φ〉) = (2πi)
−(3g−3+n) 〈Σ|Bp|Φ〉 , Bp ≡
p∑
r=0
r≤2g−2+n
K(r) ∧Bp−r , (3.18)
where Bp has been defined in (2.12). Since the notation is somewhat abstract, we shall now
clarify the meaning of (3.18). Let us consider p tangent vectors {V1 + U1, · · ·Vp + Up} of P˜g,n
where each Vk is associated with a Schiffer variation generated by the n-tuple of vector fields
~vk(z) keeping the coordinates zi’s fixed and each Uk is a vector field of the form
∑
i uk;i∂/∂zi
that generates shift of the location of the picture changing operators keeping the moduli of
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the Riemann surface, the punctures as well as the coordinate system on the Riemann surface
fixed. Then
Ω(g,n)p (|Φ〉)[V1 + U1, · · ·Vp + Up] = (2πi)
−(3g−3+n)
〈
Σ|
p∑
r=0
r≤2g−2+n
∑
Gr
(−1)PK(r)[{Ui; i ∈ Gr}]
∧Bp−r[{Vj; j ∈ G
c
r}]|Φ
〉
, (3.19)
where the sum over Gr runs over all subsets of length r of 1, · · ·p, Gcr denotes the complement
of Gr and (−1)P is the sign that is picked up while rearranging 1, · · ·p to the arrangement
{i ∈ Gr}, {j ∈ Gcr}. [ ] on the left hand side denotes contraction with the arguments inside the
square bracket as usual.
In words these rules may be stated as follows.
1. Ω
(g,n)
0 (|Φ〉) is given by the correlation function of the vertex operators describing the state
|Φ〉, inserted using the local coordinate system associated with the point in P˜g,n we are
at, with additional insertion of K(0) into the correlation function.
2. Ω
(g,n)
p is defined in terms of Ω
(g,n)
0 as follows. For every contraction with a tangent vector
∂/∂zi we replace the X (zi) term by −∂ξ(zi). On the other hand for every contraction of
Ω
(g,n)
p with a tangent vector of P˜g,n associated with Schiffer variation by the n-tuple of
vector fields ~v, we insert into the correlation function a b(~v).
Generalization of the ghost number conservation equation (2.15) tells us that if |Φ〉 has
total ghost number nΦ and total picture number pΦ then for Ω
(g,n)
p to be non-zero we must
have
nΦ − p = 6− 6g, pΦ = −n . (3.20)
The second condition is automatically satisfied if |Φ〉 ∈ H0 with H0 defined as in (3.8).
3.3 Properties of the integration measure
First we shall verify that the property mentioned below (2.15) and the two properties mentioned
below (2.17) hold once we restrict the string states to satisfy (3.8). The proof of the properties
mentioned below (2.17) are identical to that in the case of bosonic string theory. This justifies
our regarding Ω
(g,n)
p as a form in P˜g,n rather than in a larger space that we get by appending
the picture changing data to Pg,n. The proof of the property mentioned below (2.15) however is
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more subtle. Let v(z) denote a globally defined vector field on Σ−∪aDa and ~v = (v(1), · · · v(n))
denote the collection of vectors obtained from the restriction of v(z) on ∂Da. This generates
a deformation of the local coordinates around the punctures according to (2.3)-(2.6), but this
can be undone by a change in the coordinate system z in Σ−∪aDa with z + ǫv(z) as the new
coordinate. This is the reason why earlier this generated a vanishing tangent vector of Pg,n
and hence also of P̂g,n. But in superstring theory, the change in the z coordinates, required to
undo the deformation of the local coordinates, will move the location zi of the picture changing
operators by ǫv(zi). Thus we expect that the tangent vector of P˜g,n associated with the vector
field v will not vanish but should be equal to
U =
∑
i
v(zi)
∂
∂zi
. (3.21)
Equivalently V −U should vanish as a tangent vector of P˜g,n. We shall now try to verify that
the contraction of Ω
(g,n)
p with such a tangent vector vanishes. Let V denote the tangent vector
of P˜g,n associated with the vector field v(z). Denoting this contraction of Ω
(g,n)
p with V by
Ω
(g,n)
p [V ] and using (3.18) we get
Ω(g,n)p [V ] = (2πi)
−(3g−3+n) 〈Σ|
2g−2+n∑
r=0
(−1)rK(r) ∧ Bp−r[v]|Φ〉 . (3.22)
where
Bp−r[v] ≡ b(v)Bp−r−1, b(v) ≡
∮
v(z)b(z)dz +
∮
v¯(z¯)b¯(z¯)dz¯ . (3.23)
We can now move b(v) to the left of the K(r) using the expression (3.13) for the K(r)’s and the
anti-commutation relations:
[X (z), b(v)] = −v(z)∂ξ(z), {Si, b(v)} = 0 . (3.24)
Once b(v) moves to the left we can contract the integration contour by deforming it into Σ and
the contribution vanishes. Thus the net contribution to the right hand side of (3.22) comes
from the commutators and can be expressed as
−(2πi)−(3g−3+n)
〈
Σ
∣∣∣ 2g−2+n∑
ℓ=1
v(zℓ)∂ξ(zℓ)
2g−2+n∑
r=0
2g−2+n∑
i1,···ir=1
i1<i2<···<ir, is 6=ℓ
Si1∧· · ·∧Sir
2g−2+n∏
k=1
k 6=ℓ,i1,···ir
X (zk)Bp−r−1
∣∣∣Φ〉 .
(3.25)
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Using (3.14) this can be interpreted as
(2πi)−(3g−3+n)
〈
Σ
∣∣∣ 2g−2+n∑
r=0
K(r+1)[U ] ∧ Bp−r−1|Φ〉 = Ω
(g,n)
p [U ] (3.26)
where U has been defined in (3.21). This shows that Ω
(g,n)
p [U ] = Ω
(g,n)
p [V ], precisely as expected.
Next we shall show that Ω
(g,n)
p satisfies the identity (2.18) with d now denoting the exterior
derivative in P˜g,n. For this we write
(2πi)3g−3+nΩ(g,n)p (QB|Φ〉) =
〈
Σ
∣∣∣ 2g−2+n∑
r=0
K(r) ∧ [Bp−r, QB}
∣∣∣Φ〉
+
〈
Σ
∣∣∣ 2g−2+n∑
r=0
(−1)p−r[K(r), QB} ∧Bp−r
∣∣∣Φ〉 , (3.27)
using the relation 〈Σ|QB = 0. Now using the same manipulations as in the case of bosonic
string theory, the first term on the right hand side can be interpreted as
2g−2+n∑
r=0
(−1)p−r(−1)rdT 〈Σ|K
(r) ∧Bp−r−1|Φ〉 , (3.28)
where dT ≡ d − dF in the ‘tangential exterior derivative along the base P̂g,n’ defined so that
its contraction with a tangent associated with Schiffer variation keeping zi’s fixed is given as
in (2.19) while its contraction with ∂/∂zi vanishes.
2 The (−1)p−r in (3.28) is the result of the
(−1)p factor in (2.18), while the (−1)r factor is the result of passing dT through the r-form
K(r). On the other hand, using (3.16) we can express the second term on the right hand side
of (3.27) as
2g−2+n∑
r=0
(−1)p−r(−1)rdF 〈Σ|K
(r−1) ∧ Bp−r|Φ〉 = (−1)
p
2g−2+n∑
r=0
dF 〈Σ|K
(r) ∧Bp−r−1|Φ〉 . (3.29)
In going from the left hand side to the right hand side of this equation we have made an
r → r + 1 shift and used that the r = 0 term on the left hand side and r = 2g − 2 + n terms
on the right hand side vanishes. Adding (3.28) and (3.29) and using the fact that dF + dT
represents the total exterior derivative d on P˜g,n, we arrive at the equation
Ω(g,n)p (QB|Φ〉) = (−1)
pdΩ
(g,n)
p−1 (|Φ〉) . (3.30)
2Neither dT nor dF are good operators in the sense that neither of them satisfies the constraint that their
contraction with V associated with Schiffer variation by a vector field v(z) that is globally defined on Σ−∪aDa,
and U given in (3.21), are equal. But dT + dF , which is the full exterior derivative operator in P˜g,n, has this
property.
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3.4 General parametrization of P˜g,n
We can also generalize the above prescription to the more general labelling of the tangent
vectors of P̂g,n as described in §2.6. In this formalism we describe a Riemann surface as
different components σk and the coordinate disks Da, each with its own coordinate system,
glued together at their boundary circles. We can move in P̂g,n by changing the functional
relationship between the coordinates of two components sharing a common boundary circle.
Thus a particular deformation of one of these functions, encoded in a vector field defined
around the common boundary, will describe a tangent vector of P̂g,n. The contraction of the
p-form Ω
(g,n)
p in bosonic string theory with such a tangent vector involves inserting into the
correlator contour integrals of b and b¯ along the common boundary circles of two components,
weighted by the vector field v(z) and v¯(z¯) associated with this deformation.
In heterotic or type II string theory, we need to insert picture changing operators in the
correlation function to get a proper integration measure. As already described earlier, if a
particular picture changing operator is located on the component σk then its coordinate zi is
measured in the zk coordinate system. Then P˜g,n can be constructed as a fiber bundle over P̂g,n
with zi’s as the fiber coordinates. The tangent vectors along the fiber are linear combinations
of ∂/∂zi’s and generate shift of the locations of the picture changing operators, keeping fixed
the Riemann surface, the punctures and the coordinate systems {zk} and {wa} on the different
components {σk} and {Da} of the Riemann surface. K(r)’s are now defined as in (3.13).
The tangent vectors along the base P̂g,n, described in the last paragraph, are lifted to P˜g,n by
identifying them as deformations that generate the same deformations along the base P̂g,n, and
keeps, for every i, the coordinate zi of the i-th picture changing operator fixed. With these
modifications Ω
(g,n)
p is defined in the same way as in (3.18), except that, as described in the last
paragraph, the b(v) =
∮
v(z)b(z) +
∮
v¯(z¯)b¯(z¯)’s are now more general objects which use vector
fields v(z) describing the changes in the functional relationship between different components
and the contour integral runs along the boundary circle separating two such components.
Now it is clear that the location of the boundary between two adjacent components σi and
σj is somewhat arbitrary and can be shifted without changing the relation between zi and zj .
But due to this shift a picture changing operator initially located in σi may move to σj or
vice versa. Since this is change is not physical, the integration measure should not change.
While the proof of this is straightforward, we shall illustrate this only by an example. Let us
consider the case described in (2.25) and pretend that q is the only modulus of P̂g,n that we
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Figure 1: Pictorial representation of the integration contours for eqs.(3.31) and (3.34).
are interested in. Suppose further that we have only one picture changing operator that we
want to insert at the point z1 in the z coordinate system. Then P˜g,n will be labelled by (q, z1)
and the 1-form Ω
(g,n)
1 will be associated with the insertion
3
− dq q−1X (z1)
∮
dz z b(z)− dz1∂ξ(z1) , (3.31)
where it is understood that z1 is placed away from the origin relative to the integration contour
in the z-plane (see Fig. 1(a)). On the other hand if we want to insert the picture changing
operator in the w coordinate system, then Ω
(g,n)
1 is associated with the insertion
− dq q−1X (w1)
∮
dww b(w)− dw1∂ξ(w1) , (3.32)
with w1 being away from the origin relative to the integration contour in the w plane.
Let us suppose that in the two cases the picture changing operators are located at the same
physical position. This can be achieved by moving the (artificial) boundary between the two
components labelled by z and w across the location of the picture changing operator. In that
case we should get identical results using (3.31) and (3.32). Let us test this. First noting that
b is a primary of dimension 2, ∂ξ is a primary of dimension 1 and X is a primary of dimension
0, we have
X (w) = X (z), ∂ξ(w) = (∂z/∂w)∂ξ(z) = −q−1 z2∂ξ(z), b(w) = (∂z/∂w)2b(z) = q−2 z4b(z),
(3.33)
where the argument of an operator is also used to denote the coordinate system in which it is
inserted. Thus (3.32) can be written as
− dq q−1
∮
dz z b(z)X (z1) + q
−1z21dw1∂ξ(z1) . (3.34)
3For Ω
(g,n)
0 and Ω
(g,n)
2 the analysis is trivial.
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In writing the above equation we have taken into account the fact that an anti-clockwise
contour in w plane produces a clockwise contour in the z plane and hence costs an extra −
sign when we make this into an anticlockwise contour
∮
. In the first term we have placed X (z1)
on the right of the contour integral, signifying the fact that in (3.34) the point z1 is towards
the origin in the z plane relative to the integration contour (see Fig. 1(b)) since in the w-plane
it was away from the origin. Using the relation w1 = q/z1, we now write, as a differential form
in P˜g,n labelled by q and z1,
dw1 = −qz
−2
1 dz1 + z
−1
1 dq . (3.35)
Substituting this into (3.34) we get
− dq q−1
∮
dz z b(z)X (z1)− dz1∂ξ(z1) + q
−1z1 dq∂ξ(z1) , (3.36)
where the integration contour is still as shown in Fig. 1(b). In order to compare with (3.31)
we now move the contour of integration in the first term through the point z1 so that z1 is
situated away from the origin relative to the integration contour. In that process we pick up
a residue of the form −dq q−1z1∂ξ(z1) which precisely cancels the last term in (3.36). Thus we
get
− dq q−1X (z1)
∮
dz z b(z)− dz1∂ξ(z1) . (3.37)
This precisely agrees with (3.31).
3.5 Off-shell amplitude of NS sector fields
For defining off-shell amplitudes in superstring theory we shall need to regard P˜g,n as a fiber
bundle over the base Mg,n and integrate Ω
(g,n)
6g−6+2n on a section – or more generally on the
formal weighted average of several sections as in (3.11) – of this fiber bundle. This means
that for every point inMg,n we need to make a choice of local coordinate system around each
puncture and the locations of the picture changing operators, and integrate Ω
(g,n)
6g−6+2n on the
subspace of P˜g,n that it defines. The section can be arbitrary subject to the requirement of
gluing compatibility. This requires first of all that the choice of local coordinates must be
subject to the same kind of constraints as given in §2.7. However we must also put constraint
on the K(r)’s. It requires that when we take a Riemann surface of genus g1+g2 and n1+n2−2
punctures, constructed from the plumbing fixture of a Riemann surface of genus g1 and n1
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punctures with another Reimann surface of genus g2 and n2 punctures, then we must have
K
(r)
g1+g2,n1+n2−2 =
r∑
s=0
K(s)g1,n1 ∧K
(r−s)
g2,n2
, (3.38)
where K
(s)
g,n denotes the choice of K(s) on the genus g Riemann surface with n punctures. Since
all the K(r)’s for r ≥ 1 are determined in terms of K(0), it is enough to satisfy this equation
for r = 0. In that case it takes the simple form
K
(0)
g1+g2,n1+n2−2 = K
(0)
g1,n1
K(0)g2,n2 . (3.39)
This in particular requires that the 2g−2+n picture changing operators on the glued Riemann
surface are distributed such that 2g1 − 2 + n1 of them lie on the first surface and 2g2 − 2 + n2
of them lie on the second surface [14]. A systematic procedure for constructing such gluing
compatible sections will be discussed in §3.7. For such Riemann surfaces we see from (3.38)
and (2.29) that after contraction with the tangent vectors of the section, B6g−6+2n defined in
(3.18) factors as
− iB(1)6g1−6+2n1 b
+
0 b
−
0 B
(2)
6g2−6+2n2 . (3.40)
This leads to an exact analog of (2.31), (2.34) for general external states in H0 inserted at the
punctures:
Ω(g,n)p (|Φ〉)|S =
1
2π
∑
0≤p1≤6g1−6+2n1, 0≤p2≤6g2−6+2n2
p1+p2=p−2
∑
i,j
〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
(−1)p1p2+N1+p1+1ds ∧ dθ ∧ Ω(g1,n1)p1 (|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
p2
(|ϕj〉 ⊗ |Φ2〉)|S2 ,
(3.41)
Ω(g,n)p (|Φ〉)|S;s=Λ =
1
2π
∑
0≤p1≤6g1−6+2n1, 0≤p2≤6g2−6+2n2
p1+p2=p−1
∑
i,j
〈ϕci |b
−
0 e
−Λ(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
(−1)p1p2+p2 dθ ∧ Ω(g1,n1)p1 (|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
p2
(|ϕj〉 ⊗ |Φ2〉)|S2 .
(3.42)
If we restrict the external states to be in H1 and take pi = 6gi − 6 + 2ni for i = 1, 2 we get
Ω
(g,n)
6g−6+2n(|Φ〉)|S = −
1
2π
∑
i,j
ds ∧ dθ ∧ Ω(g1,n1)6g1−6+2n1(|Φ1〉 ⊗ |ϕi〉)|S1 ∧ Ω
(g2,n2)
6g2−6+2n2
(|ϕj〉 × |Φ2〉)|S2
×〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉 . (3.43)
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✲Mg,n
P˜g,n
Figure 2: Pictorial representation of a subspace of P˜g,n containing a vertical segment that
contains a tangent vector along the fiber.
Since in this case each external state at the punctures carries ghost number two and picture
number −1, it follows from (3.20) that |ϕi〉, |ϕj〉 carry ghost number two and picture number
−1. Furthermore due to the b+0 b
−
0 factor in the second line of (3.43), |ϕi〉 and |ϕj〉 are annihilated
by b0 and b¯0. Thus they correspond to states in H1 defined in (3.9).
Note that if we choose the section in such a way that the locations of the picture changing
operators remain fixed in the chosen coordinate system on the Riemann surface, then the
tangents to the section have vanishing contraction with the K(r)’s for r ≥ 1. Thus we can
set all the K(r)’s other than K(0) to zero and get back the usual formalism in which we insert
the picture changing operators at fixed points on the Riemann surface. In general however we
shall allow the locations of the picture changing operators to vary as we move along the base
Mg,n. We shall also not impose any holomorphicity condition on the section, and allow the
locations of the picture changing operators to depend non-holomorphically on the coordinates
of Mg,n.
3.6 Vertical integration
If we are only interested in integrating Ω
(g,n)
6g−6+2n over a section, we could from the beginning
express this as an integral overMg,n by regarding the zi’s and the local coordinates as functions
of the coordinates of Mg,n. This will entail replacing the dzi’s by (∂zi/∂tk)dtk from the
beginning, where tk are the coordinates of Mg,n. However the advantage of regarding the
Ω
(g,n)
p ’s as p-forms on P˜g,n is that we can integrate Ω
(g,n)
p over any p-dimensional subspace of
P˜g,n. In particular we can use this to carry out ‘vertical integration’ i.e. integration over fibers
keeping the base point in Mg,n fixed. This is necessary for example if we want to choose the
integration cycle such that parts of it involves moving the picture changing operators keeping
the point in Mg,n fixed.
31
A special case of this that will be of interest to us is as follows. Suppose that on a codi-
mension one subspace K ofMg,n, we turn the integration cycle in the vertical direction so that
at every point in K we change the location zi of a particular picture changing operator from
its initial value u to some final value v keeping fixed the local coordinates at the punctures
and the locations of the other picture changing operators. This has been depicted in Fig. 2.
Both u and v, as well as the local coordinates at the punctures and the locations of other
picture changing operators can of course vary along K. In this case we can label the vertical
part of the integration cycle by the coordinates of K and the coordinate zi along the fiber,
and we can integrate Ω
(g,n)
6g−6+2n over this part on the integration cycle. This integration can
be performed by first integrating along the fiber labelled by zi and then integrating the result
along K. Integration along the fiber will give∫ v
u
dziΩ
(g,n)
6g−6+2n
[
∂
∂zi
]
. (3.44)
Now it follows from (3.13)-(3.19) that contraction with ∂/∂zi effectively replaces the X (zi)−
∂ξ(zi)dzi term in (3.13) by −∂ξ(zi). Since the rest of the operators entering the definition of
Ω
(g,n)
p have no dependence on zi, the integration along the fiber direction produces an insertion
of
−
∫ v
u
dzi ∂ξ(zi) = (ξ(u)− ξ(v)) , (3.45)
into the correlation function. This replaces the X (zi) − ∂ξ(zi)dzi term in (3.13). Note in
particular that the result depends only on the initial and final values of zi and not on the
contour in the zi-plane along which we integrate. At the same time it must be noted that this
operator belongs to the small Hilbert space since it represents the difference in ξ at two points.
The rest of the insertions into the correlation function can be determined from the contraction
of Ω
(g,n)
6g−7+2n with the tangent vectors of the image of K in P˜g,n.
Note that the above result is valid only if we vary the location of only one picture changing
operator. If we want to use the above result to move the locations of several picture changing
operators then this can be done by making the vertical segment composed of several parts,
and in each part we vary the location of only one picture changing operator.4 The result will
depend on the order in which we vary the locations of the picture changing operators, but this
can be addressed in the same way as the effect of a general variation in the choice of integration
cycle as described in §3.9.
4If this breaks some symmetry e.g. permutation symmetry among external punctures, we can always average
over various possibilities. This will increase the number of A(α)’s.
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For reasons that will become clear in §4, we need to define the superstring amplitude
by integration over integration cycles containing such vertical segments. In all subsequent
discussion we shall be working with such general choice of integration cycle.
3.7 Construction of gluing compatible integration cycles
An algorithm for constructing gluing compatible sections in bosonic string theory has been
described in §3.2, §3.3 of [10]. We can follow a similar procedure for constructing gluing
compatible integration cycles in superstring theory and use it to divide the contributions to a
given off-shell amplitude into one particle irreducible (1PI) and one particle reducible (1PR)
parts. First of all on three punctured spheres and all one punctured tori parametrized by
the torus modular parameter τ we make some specific choice of the local coordinates at the
punctures subject to the symmetry that permutes the three punctures. A class of choices can
be found in [12,42,43]. We also fix the location of the picture changing operator consistent with
this symmetry – this may require averaging over more than one set of choices as represented
by the sum over α in (3.11). Also for reasons to be clear later we shall take the locations of the
picture changing operators to be in the region |wa| > 1 for each a where wa denotes the local
coordinate around the a-th puncture. This of course presupposes that the |wa| < 1 regions are
sufficiently small so that they do not cover the whole surface but this can always be done by
scaling the wa’s by a sufficiently small number λ, and we shall only work with such choices
of local coordinates. We declare the three punctured sphere and all one punctured tori to be
1PI Riemann surfaces. We can now glue pairs of these 1PI surfaces using the plumbing fixture
relations to construct four punctured spheres and two punctured tori5 and choose the local
coordinates at the punctures and the locations of the picture changing operators to be those
induced from the original Riemann surfaces which are being glued. Since the picture changing
operators were taken to be in the region |wa| > 1 for each puncture including the ones that
are being used for gluing, it follows that after gluing they are at distinct points on the final
Riemann surface for all s and θ as long as we take s ≥ 0. During this construction we treat
the external punctures as distinct so that e.g. while gluing two three punctured spheres to
get a four punctured sphere we get separate contributions from s, t and u channel diagrams.
We call the family of Riemann surfaces obtained this way 1PR Riemann surfaces and declare
the rest of the four punctured spheres and two punctured tori as 1PI Riemann surfaces. We
5We can also construct zero punctured genus two Riemann surfaces by gluing a pair of one punctured tori,
but these play no role in our analysis.
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now make some choice of local coordinates and picture changing operators (possibly including
vertical segments) on the new 1PI Riemann surfaces consistent with permutation symmetry,
the |wa| > 1 conditions for the locations of the picture changing operators and the requirement
that both the choice of local coordinates and the locations of the picture changing operators
smoothly match onto those on 1PR Riemann surfaces on the codimension one subspace of the
moduli space that forms the common boundary of the moduli space of 1PI Riemann surfaces
and the moduli space of 1PR Riemann surfaces. We continue this process by constructing, for
any given value of g and n, all 1PR Riemann surfaces by gluing two or more 1PI Riemann
surfaces with lower g and / or n. At each stage the Riemann surfaces which cannot be obtained
by gluing two or more 1PI surfaces of lower genera / lower number of punctures are declared
to be 1PI.
Once the division into 1PI and 1PR Riemann surfaces have been made, the 1PI off-shell
amplitudes are defined by restricting the integral of Ω
(g,n)
6g−6+2n to run over 1PI Riemann surfaces
only. The rest of the contributions to the amplitude are defined to be 1PR. Clearly this division
depends on the choice of local coordinates on the 1PI surfaces, but the analysis of [9,10] shows
that the physical renormalized masses and S-matrix elements are independent of the choice of
local coordinates.6
3.8 Infrared regulator
The off-shell amplitudes can have infrared divergences from separating type degenerations
represented by the s → ∞ limit of (2.28). These can be divided into two kinds – generic
degenerations where the momentum flowing through the punctures being glued is general off-
shell momentum and special degenerations where the momentum flowing through the punctures
being glued is forced to be zero or on-shell [44]. In the case of generic degenerations – which
also include all non-separating type degenerations – we regulate the divergence as s → ∞ by
making an analytic continuation s→ i s and include a damping factor e−ǫs in the integral [44].
On the other hand for special degeneration we restrict the s integral by some upper cut-off
Λ [14].
6For some choice of local coordinates on 1PI surfaces it may happen that a given 1PR Riemann surface
may appear more than once as a result of gluing e.g. once from s-channel diagram and once from t-channel
diagram in the case of four punctured sphere. In that case the definition of 1PI family of surfaces will require
us to subtract this contribution. This can be avoided by scaling the choice of local coordinates of the original
1PI surfaces by some small number λ which reduces the size of the moduli space covered by the 1PR family of
Riemann surfaces. A definite choice of local coordinate system that avoids this can be found in [12].
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Figure 3: Illustration of (3.46) and (3.49)
Degenerations which glue two Riemann surfaces each of which carries two or more external
punctures are always treated as generic. Degenerations which glue two Riemann surfaces
of which one has only one external puncture (other than the puncture that is being glued)
correspond to mass and wave-function renormalization. If the mass is renormalized then we’ll
have to work with off-shell amplitudes where we take the external momentum carried by the
particle to be at a generic off-shell value [9, 10] and hence we are forced to treat this as a
generic degeneration. On the other hand if the mass is not renormalized then we can keep the
momentum carried by the state on-shell and treat this as a special degeneration. However we
can also work with off-shell external momentum and treat ths as a generic degeneration and
take the momentum on-shell at the end of the computation. Presumably both methods will
lead to the same result for the wave-function renormalization factor at the end but a formal
proof of this has not been given. In any case since the wave-function renormalization factor is
not a physical observable and, in particular, depends on the choice of local coordinates, this is
not a pressing issue.
Separating type degenerations in which one of the Riemann surfaces has no external punc-
ture and the other carries all external punctures are always treated as special, since the mo-
mentum flowing through the punctures that are glued is forced to be zero.
3.9 Effect of changing the locations of the picture changing opera-
tors
Once we have chosen a gluing compatible integration cycle, we need to follow the procedure
of [9, 10] to show that even though the off-shell amplitudes depend on the choice of local
coordinate system at the punctures, physical quantities like the renormalized mass or the S-
matrix elements are independent of this choice. A new question that arises for superstrings is:
how does the amplitude depend on the choice of the locations of picture changing operators?
We can address this question together with the old question: how does the amplitude depend
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on the choice of local coordinates? Both correspond to a change in the integration cycle of
P˜g,n on which we integrate to find the amplitude. If S and Ŝ are two integration cycles and R
is the region bounded by them then we have (see Fig. 3)
∂R = Ŝ − S + (∂R)′ , (3.46)
where (∂R)′ is the intersection of R with the boundary of P˜g,n containing degenerate Riemann
surfaces. This gives∫
Ŝ
Ω
(g,n)
6g−6+2n(|Φ〉)−
∫
S
Ω
(g,n)
6g−6+2n(|Φ〉) =
∫
R
dΩ
(g,n)
6g−6+2n(|Φ〉)−
∫
(∂R)′
Ω
(g,n)
6g−6+2n(|Φ〉) . (3.47)
Using (3.30) we can express the right hand side of (3.47) as
−
∫
R
Ω
(g,n)
6g−5+2n(QB|Φ〉)−
∫
(∂R)′
Ω
(g,n)
6g−6+2n(|Φ〉) . (3.48)
It is useful to write down the result for infinitesimal change which can be parametrized by some
infinitesimal vector Vf of the tangent space of Pg,n at every point on the original integration
cycle S, labelling the displacement between S and Ŝ. Clearly Vf is defined only up to the
addition of a tangent vector of S, but this will not affect the final result. In that case (3.48)
takes the form
−
∫
S
Ω
(g,n)
6g−5+2n(QB|Φ〉)[Vf ] +
∫
∂S
Ω
(g,n)
6g−6+2n(|Φ〉)[Vf ] , (3.49)
where ∂S denotes the intersection of S with the boundary of P˜g,n containing degenerate Rie-
mann surfaces.
From now on we shall focus on the effect of changing the locations of the picture changing
operators, but the arguments given below can be easily generalized to give an alternative
analysis of the effect of the change in the local coordinate system, leading to the same results
as in [9, 10]. First let us consider the first term in (3.49). For a gluing compatible choice
of coordinate system, we can follow the procedure reviewed in §3.7 to break up the integral
over S as sum of 1PI contributions, two 1PI contributions joined by a propagator, three 1PI
contributions joined by two propagators etc. It will be useful for our analysis to express the
1PR contributions in terms of the constituent 1PI contributions. The basic identity that allows
us to do this can be derived by analyzing a region of the moduli space where the Riemann
surface Σ is constructed by gluing two Riemann surfaces Σ1 and Σ2 by plumbing fixture. In
this case Vf can be expressed as V
(1)
f + V
(2)
f where V
(1)
f captures the effect of changing the
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locations of the picture changing operators on Σ1 and V
(2)
f denotes the effect of changing the
locations of the picture changing operators on Σ2. In this case using a sllight generalization of
(3.41) to include contraction with the vector Vf field and that
QB(|Φ1〉 ⊗ |Φ2〉) = (QB|Φ1〉)⊗ |Φ2〉+ |Φ1〉 ⊗QB|Φ2〉 , (3.50)
where |Φ1〉 and |Φ2〉 denote states inserted at the external punctures of Σ1 and Σ2 respectively,
one can show that when restricted to the integration cycle S, we have
Ω
(g,n)
6g−5+2n(QB|Φ〉)[Vf ]|S
= −
1
2π
[∑
i,j
Ω
(g1,n1)
6g1−5+2n1(QB|Φ1〉 ⊗ |ϕi〉)[V
(1)
f ]S1 ∧ Ω
(g2,n2)
6g2−6+2n2(|ϕj〉 ⊗ |Φ2〉)S2
∧ ds ∧ dθ × 〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
−
∑
i,j
Ω
(g1,n1)
6g1−6+2n1
(QB|Φ1〉 ⊗ |ϕi〉)S1 ∧ Ω
(g2,n2)
6g2−5+2n2
(|ϕj〉 ⊗ |Φ2〉)[V
(2)
f ]S2
∧ ds ∧ dθ × 〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
−
∑
i,j
Ω
(g1,n1)
6g1−5+2n1
(|Φ1〉 ⊗ |ϕi〉)[V
(1)
f ]S1 ∧ Ω
(g2,n2)
6g2−6+2n2
(|ϕj〉 ⊗QB|Φ2〉)S2
∧ ds ∧ dθ × 〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
+
∑
i,j
Ω
(g1,n1)
6g1−6+2n1(|Φ1〉 ⊗ |ϕi〉)S1 ∧ Ω
(g2,n2)
6g2−5+2n2(|ϕj〉 ⊗QB|Φ2〉)[V
(2)
f ]S2
∧ ds ∧ dθ × 〈ϕci |b
+
0 b
−
0 e
−s(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
]
. (3.51)
If Σ1 and Σ2 are 1PI contributions then the right hand side of (3.51) is already expressed
in terms of 1PI contributions. If Σ1 and/or Σ2 are obtained as a result of gluing 1PI Riemann
surfaces with lower genus and/or lower number of punctures then we need to again express the
right hand side in terms of the amplitudes on these Riemann surfaces by making repeated use
of (3.41) and (3.51). At the end we get the result in terms of 1PI amplitudes.
Let us now analyze the contribution from the second term in (3.49) that involves an integral
over ∂S. We shall assume that the integration cycle S (as well as the deformed integration
cycle generated by the vector field Vf) has been chosen in a modular invariant fashion so that
when we regard the base spaceMg,n as the fundamental domain in the Teichmuller space, the
contributions from the apparent boundaries, whose different components are related to each
other by modular transformations, cancel. Under this assumption, the relevant component
of ∂S arises from separating type degenerations of the Riemann surfaces [14]. Near ∂S the
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Riemann surface Σ is described as the result of gluing two Riemann surfaces using the plumbing
fixture relation (2.28), with the degeneration corresponding to the s→∞ limit. As discussed
in §3.8, we can divide these into two kinds – the generic degeneration where the momentum
flowing through the degenerating punctures is a generic off-shell momentum and the special
degeneration in which the momentum flowing through the node is either zero or satisfies a
classical on-shell condition. For a generic degeneration we make an analytic continuation
s → is and introduce a damping factor e−ǫs in the integral. As a result the s integral is
convergent and there are no boundary contributions from the s→∞ end due to the damping
factor. The same argument can be used to rule out boundary contributions from non-separating
type degenerations. On the other hand for special degenerations we shall regulate the infrared
divergence by putting a sharp cut-off s ≤ Λ on the s integral and let θ run over the full range
0 ≤ θ < 2π. This boundary contribution can be computed using a slight generalization of
(3.42) and gives
Ω
(g,n)
6g−6+2n(|Φ〉)[Vf ]|S;s=Λ
= −
1
2π
[
− dθ ∧
∑
i,j
Ω
(g1,n1)
6g1−5+2n1
(|Φ1〉 ⊗ |ϕi〉)[V
(1)
f ]|S1 ∧ Ω
(g2,n2)
6g2−6+2n2
(|ϕj〉 ⊗ |Φ2〉)|S2
×〈ϕci |b
−
0 e
−Λ(L0+L¯0)eiθ(L0−L¯0)|ϕcj〉
+ dθ ∧
∑
i,j
Ω
(g1,n1)
6g1−6+2n1(|Φ1〉 ⊗ |ϕj〉)|S1 ∧ Ω
(g2,n2)
6g2−5+2n2(|ϕi〉 ⊗ |Φ2〉)[V
(2)
f ]|S2
×〈ϕcj |b
−
0 e
−Λ(L0+L¯0)eiθ(L0−L¯0)|ϕci〉
]
. (3.52)
Note that in the second term in (3.52) we have exchanged the roles of |ϕi〉 and |ϕj〉 compared
to the convention used in (3.51). This will be useful later.
3.10 Extension to type II strings
The extension of this formalism to type II string theory is in principle straightforward. Now
(3.18) will have to be replaced by
Ω(g,n)p (|Φ〉) = (2πi)
−(3g−3+n) 〈Σ|Bp|Φ〉 , Bp ≡
p∑
r,s=0
r,s≤2g−2+n
K(r) ∧ K¯(s) ∧ Bp−r−s , (3.53)
where K¯(s) involving the left-moving (anti-holomorphic) fields is defined in the same way as
K(r). While choosing an integration cycle, in general the weight factors A¯(α) and the locations
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z¯
(α)
i of the anti-holomorphic picture changing operators can be chosen to be independent of their
holomorphic counterparts. The rest of the analysis will proceed as in the case of heterotic string
theory with the understanding that the vector field describing change of locations of the picture
changing operators will now correspond to a vector of the form
∑
i δzi∂/∂zi +
∑
i δz¯i∂/∂z¯i.
4 Dealing with spurious poles
Appearance of the second term on the right hand side of (3.49) shows that when we change the
location of the picture changing operators, the integration measure inMg,n changes by a total
derivative term even for on-shell amplitudes for which QB|Φ〉 = 0. This is related to the fact
that when we regard the amplitude as the result of an integral over the supermoduli space, we
have to make a choice of the integration cycle that determines the even nilpotent part of the
bosonic moduli. For example if we have a supermoduli space with one bosonic coordinate x
and a pair of fermionic coordinates ξ, η, then for defining an integral of the form∫
dxdξdηf(x, ξ, η) , (4.1)
we need to pick an ‘integration cycle’
x = u+ h(u)ξη (4.2)
where u is an ordinary bosonic variable and h(u) is some arbitary function labelling the even
nilpotent part of x. We then substitute (4.2) into (4.1) and integrate over u, ξ, η. One finds
that after ξ, η integration we are left with an integrand that is a function of u, but it depends
on the function h(u) through a total derivative term.
The consequence of this ambiguity on integration over the supermoduli space has been
discussed extensively in [14,18,39,45–47]. We shall not review this here, but only mention that
this makes the computation of the amplitude in fermionic string theory tricky under certain
circumstances – namely when the supermoduli space is not holomorphically projected [19].
Resolution of this subtlety has been described in [14] by expressing the amplitude as integral
over the supermoduli space. In the formalism involving picture changing operators related
subtleties arise in the form of spurious poles [33] – poles in the integrand which depend on
the locations of the picture changing operators. Since the dependence on the locations of
the picture changing operators is a total derivative in the moduli space, one would naively
expect that these singularities are ‘fake’ as their locations can be moved around by adding
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total derivative terms in the integrand over the moduli space. Nevertheless we have to find a
systematic way of dealing with these singularities. This will be the main goal of this section.
In the last paragraph of §4.2 we shall briefly discuss the relation between our approach and
the one suggested in [14].
4.1 Spurious poles
We shal now briefly review the origin of the spurious poles [33]. They arise from the correlation
functions of the eqφ, η and ξ operators. Regarded as a function of the locations of these
operators, these correlation functions have zeroes and poles controlled by the operator product
expansions of these fields but also have poles at points where no two operators are coincident.
This is seen by explicitly writing down the expression for an arbitrary correlator of these fields
on a genus g Riemann surface. Up to an overall normalization it takes the form [33, 48, 49]
〈 n+1∏
i=1
ξ(xi)
n∏
j=1
η(yi)
m∏
k=1
eqkφ(zk)
〉
δ
=
∏n
j=1 ϑ[δ](−~yj +
∑
~x−
∑
~y +
∑
q ~z − 2~∆)∏n+1
i=1 ϑ[δ](−~xi +
∑
~x−
∑
~y +
∑
q ~z − 2~∆)
∏
i<i′ E(xi, xi′)
∏
j<j′ E(yj, yj′)∏
i,j E(xi, yj)
∏
k<ℓE(zk, zℓ)
qkqℓ
∏
k σ(zk)
2qk
,
m∑
k=1
qk = 2(g − 1) . (4.3)
In this equation δ stands for the spin structure, ϑ denotes the genus g theta functions, E(x, y)
denotes the prime form, σ(z) is a 1
2
g differential representing the conformal anomaly of the
ghost system and ~∆ is the Riemann class characterizing the divisor of zeroes of the theta
function. A detailed explanation of all of these quantities can be found in [33, 50].
∑
~x,
∑
~y
and
∑
q ~z denote respectively
∑n+1
i=1 ~xi,
∑n
j=1 ~yj and
∑m
k=1 qk~zk with
~x ≡
∫ x
p
~ω , (4.4)
where ~ω is a g-dimensional vector of holomorphic one forms on the Riemann surface and p is an
arbitrary point on the Riemann surface (with dependence on p compensated by p-dependence
of ~∆).
Note that on the left hand side of (4.3) we have one more ξ compared to η. This reflects
that the correlation function has been written in the ‘large Hilbert space’ in which on any
Riemann surface there is a ξ zero mode that needs to be soaked up. In all operators that we
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use for computing amplitudes – vertex operators of external states, picture changing operators,
BRST operators etc. – ξ always appears in the combination ∂ξ. As these do not carry any
zero mode of ξ, we need to insert an explicit factors of ξ(z0) in the correlation function to soak
up the ξ zero mode. Since the correlation function is independent of z0, normally we work in
the ‘small Hilbert space’ where we do not display the ξ(z0) factor in the correlation function.
Indeed if we take the derivative of (4.3) with respect to n of the n+1 xi’s, then the correlation
function becomes manifestly independent of the last remaining xi. We can then drop this from
the argument and get the correlation function in the ‘small Hilbert space’. In our analysis we
shall always work in the small Hilbert space. In particular, even though in some expressions
we may use the operator ξ without any derivative, they will always appear in a combination
ξ(A)− ξ(B) so that it is really a shorthand for
∫ B
A
∂ξ(z)dz.
The prime form E(x, y) has a simple zero at x = y and various prime forms in (4.3) capture
the zeroes and poles associated with the short distance singularities / zeroes in the operator
product of the various fields. The zeroes of the
∏n+1
i=1 ϑ[δ](−~xi +
∑
~x −
∑
~y +
∑
q ~z − 2~∆)
factor in the denominator are responsible for the spurious poles. With some effort one can
see that when we use (3.1) and (4.3) to compute the correlation functions of β and γ this
denominator factor becomes independent of the locations of β and γ [48, 49]. Thus there are
no spurious poles as functions of the arguments of β and γ operators. Since the BRST current
is constructed from β and γ we see that there are no spurious poles in the argument of the
BRST current either. However in the expressions for picture changing operators there are
‘bare’ ∂ξ, η and eqφ factors which cannot be expressed as polynomials of (derivatives of) β and
γ, and hence the correlators will have spurious singularities as functions of the locations of the
picture changing operators. Physically these spurious singularities can be traced to the fact
that the gauge choice for the world-sheet gravitinos, which lead to some particular insertion
of picture changing operators on the world-sheet, fail to be a good choice of gauge precisely
when the correlator of these operators hits a spurious singularity.
Let us now examine how the spurious poles affect the construction of off-shell amplitudes.
Let us suppose that we have made some gluing compatible choice of integration cycle in P˜g,n for
defining these amplitudes. This corresponds to specifying the locations of the picture changing
operators (and choice of local coordinates at the punctures) as a function of the moduli labelling
Mg,n. At a generic point of Mg,n the
∏n+1
i=1 ϑ[δ](−~xi +
∑
~x −
∑
~y +
∑
q ~z − 2~∆) factor in
the denominator of (4.3) is not expected to vanish, and hence the integration measure is non-
singular at a generic point. However since we need to satisfy one complex equation for this
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Figure 4: A pictorial representation of integration along a vertical segment. The two horizon-
tal directions in the left hand side figure represent coordinates along Mg,n transverse to the
codimension two subspace on which we have spurious pole and the vertical direction labels the
location zi of a picture changing operator. All other coordinates of P˜g,n have been suppressed.
The integration cycle consists of 3-pieces – a section Ŝ (which will be a two dimensional sur-
face in this representation but not shown) whose inner boundary is the curve C1, the vertical
cylindrical surface C bounded by C1 and C2, and another section S˜ (not shown) whose outer
boundary is the curve C2. The right hand figure shows the intersection of this integration cycle
with a vertical plane where we see the three parts Ŝ, C and S˜ of the integration cycle explicitly.
The thin curve marked L in the left hand figure describes the location of the spurious pole. As
is clear from this figure, both the sections Ŝ and S˜ can avoid the spurious pole. Integration
over C will encounter the spurious pole, but as this is expressed as a difference between an
integral along C1 and an integral along C2, this also avoids the spurious pole.
factor to vanish, we expect to encounter spurious poles over a real codimension two subspace
of the moduli space.
There are also other more obvious singularities which depend on the locations of the picture
changing operators, e.g. the ones arising from collision of a pair of picture changing operators
or the collision of a picture changing operator with a vertex operator at a puncture. All of these
occur on codimension two subspaces of the moduli space and the method we shall describe will
deal with all these singularities in the same way.
4.2 Dealing with the spurious poles
Our goal will be to describe a procedure for integrating through these spurious singularities.
Suppose we have a section of P˜g,n which encounters spurious singularities on a real codimension
two subspace N of the base Mg,n. Let us consider a tubular neighborhood T surrounding N .
Outside T the integrand has no spurious poles. Our prescription will be to turn the integration
cycle along a ‘vertical direction’ – in the sense described in §3.6 – as we reach the boundary
of T on the base Mg,n. This corresponds to changing the location zi of one of the picture
changing operators keeping fixed the locations of the other picture changing operators, local
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coordinates around the punctures and the coordinates of Mg,n. This is done for every point
on ∂T . Thus the vertical segment is a 6g−6+2n dimensional subspace of P˜g,n labelled by the
coordinates of ∂T and the contour along which zi varies. The vertical segment is continued
till the final arrangement of the picture changing operators as a function of the coordinates on
∂T are such that there are no longer any spurious poles inside T . At that point we can turn
the section ‘horizontal’ and integrate over the interior of T . This has been shown pictorially
in Fig. 4 where the projection of the curves C1 and C2 on Mg,n correspond to ∂T and the
projection of the interior of the cylindrical region C on Mg,n corresponds to T .
Now naively one might expect this procedure to run into the spurious singularities as we
integrate along the vertical direction. After all the location of the spurious poles inMg,n must
vary continuously as we change the locations of the picture changing operators, and since in the
initial configuration there are spurious poles in the interior of T and in the final configuration
there are no spurious poles in the interior of T , the poles must pass through the boundary
of T as we change the location zi of the i-th picture changing operator. This suggests that
the orbit of the spurious pole(s) must cross the vertical segment. This has been shown by
the thin line L in Fig. 4. On the other hand the formalism of §3.6 shows that integrating
along the vertical segment, corresponding to integrating zi from u to v (say), requires us to
replace the X (zi)− ∂ξ(zi)dzi factor in (3.13) by −
∫ v
u
∂ξ(z)dz = (ξ(u)− ξ(v)). Thus the result
depends on only u and v and not on the path connecting u to v. In particular since for ξ(u)
insertion the spurious poles are in the interior of T and for ξ(v) insertion the spurious poles
are outside T , neither the contribution involving ξ(u) nor the contribution involving ξ(v) has
any singularity on ∂T . This shows that the result of the vertical integration is free from any
spurious singularity.
It is worth examining this in more detail. The point is that if instead of ξ(v) − ξ(u) we
use the expression
∫ v
u
∂ξ(z)dz then somewhere along the contour z reaches a point where the
location of the spurious pole reaches ∂T causing the integration measure to diverge. However
since the correlation function of ξ(z) given in (4.3) is single valued, the integral
∫ v
u
∂ξ(z)dz
can be carried out through this pole unambiguously, leading to correlation function involving
(ξ(v)− ξ(u)) which is manifestly free from any poles on ∂T . This gives a systematic procedure
for dealing with spurious poles in the computation of off-shell amplitudes.
This procedure is of course not completely unambiguous since it depends on which zi we
choose to vary to move the spurious singularity. To see the effect of this, let us compare the
results for two different vertical segments of the integration cycle, in each of which the net
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Figure 5: The two integration cycles in the z1-z2 plane.
effect is to change the locations of two picture changing operators – which we shall take to
be z1 and z2 – from (u1, v1) to (u2, v2) in a way that moves the spurious singularity out. In
the first case, once we reach a point on C1, we first change the location z1 from u1 to v1 to
move the spurious singularity out, and then change z2 from u2 to v2. In the second case we
first change z2 from u2 to v2 to move the spurious singularity out, and then change z1 from
u1 to v1. This has been shown in Fig. 5 where we have also displayed the movement of the
spurious singularity by the thin line L. We now calculate the difference between the integral
of Ω
(g,n)
6g−6+2n over these two different cycles. Formally this can be expressed as in (3.48) – the
only issue is whether the two terms in (3.48) are free from the divergences associated with the
spurious poles. First we consider the first term of (3.48). It is clear that this can be obtained
by first integrating Ω
(g,n)
6g−5+2n(QB|Φ〉) over the square in the z1-z2 plane shown in Fig. 5 and
then integrating the result over the image of ∂T in P˜g,n sans the directions labelled by z1 and
z2. The integral in the z1-z2 plane will correspond to the insertion of∫ v1
u1
dz1
∫ v2
u2
dz2 ∂ξ(z1) ∂ξ(z2) = (ξ(u1)− ξ(v1)) (ξ(u2)− ξ(v2)) . (4.5)
Since there are no spurious singularities at the corner points of the square in the z1-z2 plane this
gives a finite result. Similarly the second term of (3.48) can be evaluated by first performing
the integral of Ω
(g,n)
6g−6+2n over the z1-z2 plane, leading to the insertion of (4.5) into the correlation
function, and then integrating this over the image in P˜g,n of the intersection of ∂T with the
compactification boundary. The latter arise from setting s = Λ for some plumbing fixture
variable s.
44
This shows that the difference in the off-shell amplitude for two different choices of vertical
segment shown in Fig. 5 can be expressed as (3.48) with finite expressions for both terms.
However since (4.5) is not infinitesimal, we do not have the analog of (3.49) which will be
needed in §5 to prove that these contributions do not affect renormalized masses and S-matrix
elements. So we need to find a way to express this as a result of successive infinitesimal changes.
This can be done by taking a family of generalized integration cycles labelled by a continuous
paramater t such that the following conditions hold:
1. For each t the integration cycle is a formal weighted average of several integration cycles
differing in their vertical segments.
2. For each t the integration cycles satisfy the gluing compatibility condition (3.38).
3. At t = 0 and t = 1 the integration cycles coincide with the original integration cycles
which we wanted to show are equivalent.
The effect of infinitesimal change from t to t + δt will now involve the insertion of terms like
(4.5) into the correlation functions as before after carrying out the integral in the z1-z2 plane,
but the result will be multiplied by a factor of δt. Since this is an infinitesimal deformation,
its effect can now be analyzed as in §5 to show that these contributions do not affect the
renormalized masses and S-matrix elements.
More generally the rules for choosing picture changing operators will involve dividing up
the moduli space into subregions, choose the picture changing operators in each subregion as
smooth functions of the moduli ensuring that they do not encounter any spurious singularity,
and at the boundary of two such subregions use the prescription of vertical integration to
interpolate between the two picture changing operator arrangements in the two subregions.
When two or more such boundaries meet there can be additional subtleties since the vertical
path across the different boundaries may not be compatible, leaving a ‘gap’ in the integration
cycle in P˜g,n.7 We then have to ‘fill this gap’ by adding new vertical components to the
integration cycle in which two of the coordinates are along the ‘vertical direction’ as in (4.5).
In unpublished work with E. Witten it has been shown that it is possible to find a consistent
procedure for filling these gaps.
One also needs to check that this prescription for dealing with spurious poles is consistent
with gluing compatibility. Suppose we have chosen the integration cycles on two families of
7I wish to thank E. Witten for raising this point.
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1PI Riemann surfaces avoiding spurious poles. Now consider an 1PR contribution obtained by
joining the two families using plumbing fixture. The choice of integration cycles on the original
families of Riemann surfaces induces an integration cycle on the family of glued Riemann
surfaces. Does this automatically avoid the spurious poles? This can be guaranteed by scaling
the local coordinates at the punctures by a sufficiently small number so that 1PR surfaces
always describe Riemann surfaces close to degeneration for the whole range 0 ≤ s < ∞. In
this case the theta function on the glued surface, responsible for the spurious poles, can be
approximated by products of theta functions on the original surfaces and hence the locations
of the spurious poles will be close to those on the original Riemann surfaces. Thus as long as
the original integration cycles were chosen to avoid the spurious poles on the original surface,
the induced integration cycle will avoid the spurious poles on the glued surface.
The prescription for avoiding the spurious poles given here may be related to the one
suggested in [46], i.e. taking the zi’s to be holomorphic function of the moduli around the
neighbourhood of the spurious poles and then excluding a small tubular neighbourhood around
the spurious poles while carrying out the integral overMg,n. However we shall not explore the
relation here.
Finally we can also explore the connection between the prescription given here and the
suggestion of [14, 51] of performing integration over the supermoduli space by dividing it into
open sets in each of which we can choose a good slice for integration over the supermoduli, and
then expressing the full result as sum of contributions from such open sets using partition of
unity. To see the connection of this to the formalism employed here we note that in Fig. 4 the
two sections Ŝ and S˜ can be regarded as two such open sets and the extra term, coming from
integration over the vertical segment, can be interpreted as capturing the effect of decreasing
the weight given to the choice of section corresponding to Ŝ from 1 to 0 across ∂T and at the
same time increasing the weight given to the choice of section corresponding to S˜ from 0 to
1. Thus the prescription for dealing with the spurious poles, as given here, seems to be in
consonance with the one described in [14, 51].
5 Mass renormalization and S-matrix of special states
Using the method of [9] one can show that the renormalized masses and S-matrix elements
of special states are independent of the choice of local coordinates at the punctures as long
as we define the off-shell amplitudes following the procedure described in §3. We shall now
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demonstrate how the formalism can be used to prove that the same physical quantities are
also independent of the choice of locations of the picture changing operators.8
5.1 Definition of special states
We shall follow the notation of [9] as closely as possible so that whenever possible we can refer
the reader to the analysis of [9]. Let us consider a string theory on RD,1 × K where K is a
compact space and RD,1 is D + 1 dimensional Minkowski space. Then SO(D) is the little
group of a particle at rest. Let G be the internal symmetry group of the theory (if any). By
definition, special states at mass level m in the rest frame are described by off-shell vertex
operators with the following properties:
1. They have the form
W± = c c¯ e
−φe±ik0X
0
V , (5.1)
where V ’s are GSO odd superconformal primary operators of dimension (1+α′m2/4, 1/2+
α′m2/4) constructed from matter fields and transform in some set of irreducible repre-
sentations R1, · · ·Rs of SO(D)×G.
2. All zero momentum matter vertex operators in the representation Ri of SO(D)×G for
1 ≤ i ≤ s have total conformal dimension
h ≥
3
2
+ α′
m2
2
. (5.2)
Furthermore if the equality in (5.2) holds then the operator describes a special state when
substituted into (5.1).
The on-shell condition for the vertex operatorsW± given in (5.1) is k
2 = −m2, showing that m
is the tree level mass of the state. We shall denote by np the total number of special states with
a given tree level mass m. In general this may include states from more than one irreducible
representation of SO(D)× G i.e. s can be larger than 1. Special states are generalization of
states lying on the leading Regge trajectory.
8We should add that the analysis of this and the next section has now been carried out in a much more
systematic manner in [52, 53] using the notion of one particle irreducible effective string field theory.
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Figure 6: Pictorial representation of the full two point Greens function as a sum of 1PI ampli-
tudes connected by propagators.
5.2 Renormalized mass
Now we consider the net contribution to the two point Green’s function of two arbitrary off-
shell external states |Ψ1〉, |Ψ2〉 ∈ H0 satisfying the additional restrictions that b
+
0 |Ψi〉 = 0 and
that they carry momentum ±k = ±(k0,~0). Using (3.41) repeatedly, this can be expressed as
sum of 1PI contributions glued together by propagators as shown in Fig. 6. This leads to the
following expression for the quantum corrected propagator
Π = ∆ +∆F̂∆+∆F̂∆F̂∆+ · · · = ∆+∆F∆ , (5.3)
F ≡ F̂ + F̂∆F̂ + F̂∆F̂∆F̂ + · · · = (1− F̂∆)−1F̂ . (5.4)
Here, as in [9], F̂ is the 1PI contribution to the 2-point amplitude which includes the b±0 factors
appearing in (3.41) and is regarded as an operator acting on states in H0 carrying momentum
k and annihilated by b+0 . ∆ is the tree level propagator
9
∆ =
1
2π
∫ 2π
0
dθ
∫ ∞
0
ds e−s(L0+L¯0)+iθ(L0−L¯0) = δL0,L¯0
∫ ∞
0
ds e−s(L0+L¯0) . (5.5)
F is the full off-shell two point amplitude. The off-shell two point amplitude of two external
states |Ψ1〉 and |Ψ2〉 defined in §3.5, or its 1PI counterpart defined in §3.7, can be obtained by
taking the matrix element of 1
2
c0c¯0F and
1
2
c0c¯0F̂ between the states 〈Ψ1| and |Ψ2〉 – the
1
2
c¯0c0
factor being needed due to the fact that we have absorbed a b+0 b
−
0 factor in the definition of F
and F̂ . A useful property of the operators F , F̂ and ∆ is that they preserve ghost number and
picture number, i.e. acting on a state of ghost number g and picture number p they give back
a state of ghost number g and picture number p. They also preserve SO(D) × G symmetry,
i.e. acting on a state in representation R of SO(D) × G, they give back states in the same
representation.
9This definition of ∆ differs from the definition used in [9, 10] by a normalization factor of 2. This has the
effect that in the α′ = 1 unit, ∆ restricted to mass level m states is given by 2/(k2 +m2). However we can
avoid this annoying factor of 2 if we choose α′ = 2.
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If P denotes the projection operator into np dimensional subspace of special states with
tree level mass m, then the off-shell two point Green’s function of special states is obtained by
multiplying (5.3) by P from both sides. In α′ = 2 unit this is given in terms of F by
PΠ(k)P = (k2 +m2)−1P + (k2 +m2)−1PFP (k2 +m2)−1 . (5.6)
We can try to evaluate this using (5.4). The poles in k2 near −m2 come from the explicit
factors of (k2+m2)−1 in (5.6) and the poles of ∆ in (5.4). The only intermediate states which
can generate poles at k2 = −m2 from the ∆ factors in (5.4) are special states themselves
since due to (5.2) other states at the same mass level transform in different representations of
SO(D)×G and hence cannot mix with the special states [9]. This allows us to ‘integrate out’
all states other than the special states in (5.4) following the procedure described in [9], resum
the series, and express (5.6) as
PΠ(k)P = Z1/2(k)(k2 +M2p )
−1Z1/2(k)T , (5.7)
where Z1/2(k) is an np × np matrix which has no poles near k2 = −m2 and Mp is an np × np
diagonal matrix. The eigenvalues ofMp give physical renormalized masses of the special states
and Z1/2(k) evaluated at k2 = −M2p correspond to wave-function renormalization factors.
5.3 Effect of changing the locations of picture changing operators
We shall now consider the change in the two point amplitude F under an infinitesimal change
in the locations of picture changing operators. For this we shall use (3.49). For now we shall
proceed ignoring the boundary contribution described in the second term in (3.49), – its effect
will be discussed separately in §5.5. The first term has two types of contributions – one where
QB operates on the external vertex operator on the left and the other where QB operates on
the external vertex operator on the right. Let us focus on the terms where QB acts on the
external vertex operator on the left. Even though eventually we shall be interested in taking
both external states to be special states, let us for now restrict only the external state on the
left to be one of the np special states carrying momentum (k
0, ~k = 0) described by a vertex
operator of type W+ given in (5.1). Since QBW+ is proportional to (k
2 +m2) we can take out
a factor of (k2+m2) – which is needed to cancel the external tree level propagator factor [9] –
and call the rest of the contribution δH. If np is the number of special states at a given mass
level then δH is np×∞ dimensional matrix. Now by repeated use of (3.51) and (3.41) δH can
be decomposed into sum of products of 1PI contributions and propagators as in (5.4), but the
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Figure 7: Pictorial representation of the expression for δĤ given in (5.8). The black dots
denote external states without propagator factors.
effect of contraction with Vf in (3.49) will be to replace Ω
(gi,ni)
6gi−6+2ni
by Ω
(gi,ni)
6gi−5+2ni
[Vf ] in one of
the 1PI components, representing the effect of moving the picture changing operators on that
particular component of the Riemann surface. In order to write down an expression like (5.4)
for δH we shall first define several new quantities:
1. δH1 denotes the 1PI contribution to the two point function with one external state
(k2 +m2)−1QBW+ and the other external state arbitrary.
2. δH2 will be defined in the same way as δH1 but we replace Ω
(g,n)
p by Ω
(g,n)
p+1 [Vf ] in the
integration measure.
3. F̂1 will be defined in the same way as F̂ , but we replace Ω
(g,n)
p by Ω
(g,n)
p+1 [Vf ] in the
integration measure (3.18).
4. Next we define
δĤ = δH2 + δH1∆F̂1 + δH1∆F̂∆F̂1 + · · · = δH2 + δH1∆(1− F̂∆)
−1F̂1 . (5.8)
A pictorial representation of this has been shown in Fig. 7.
In terms of these quantities we can now express δH as
δH = δĤ + δĤ∆F̂ + δĤ∆F̂∆F̂ + · · · = δĤ(1−∆F̂)−1 (5.9)
which has been pictorially represented in Fig. 8. It is easy to see by inspection that Fig. 8,
with δĤ defined via Fig. 7, sums over all possible contributions to δH.
We shall now prove that δĤ has no poles at k2 = −m2. For this we examine each term on
the right hand side of (5.8). Since δH2 gets contribution from 1PI amplitudes, it has no poles.
In the second term we could in principle get a pole at k2 = −m2 from a state of momentum
(k0, ~k = 0) propagating in ∆. Let us denote the vertex operator of such a state by eik0X
0
OgV˜
where Og is some ghost sector operator and V˜ is a matter sector operator with zero momentum.
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Figure 8: Pictorial representation for the expression for δH given in (5.9).
In order to contribute to the pole at k2 = −m2, OgV˜ should have dimension (α′m2/4, α′m2/4)
since eik0X
0
has dimension (α′k2/4, α′k2/4). Now δH1 has an insertion of QBW+ on the left
for some special state vertex operator W+. Since QBW+ is a vertex operator of ghost number
3 and picture number −1, by the conservation of ghost and picture number the states that
contribute to ∆ must also have ghost number 3 and picture number −1. Since the states are
annihilated by b0 and b¯0, the minimum dimension ghost sector operator with ghost number 3
and picture number −1 is cc¯η with total conformal weight −1. Thus in order for OgV˜ to have
dimension (α′m2/4, α′m2/4), V˜ must have total dimension less than or equal to
1 + α′
m2
4
+ α′
m2
4
= 1 + α′
m2
2
. (5.10)
But by SO(D)×G symmetry, V˜ must belong to the same representation as W+ which is one
of the Ri’s. Hence its conformal weight has a lower bound given in (5.2). We now see that
(5.10) is inconsistent with (5.2). Hence there is no operator V˜ that can contribute a pole to
the second term on the right hand side of (5.8). Since F̂ does not change the SO(D) × G
transformation law of the state, the same argument can be used to show that none of the
factors of ∆ in the other terms on the right hand side of (5.8) can produce a pole at k2 = −m2.
Thus δĤ is free from poles at k2 = −m2.
We now note that (5.4) and (5.9) are identical to eqs.(3.19) of [9], except that in [9] δ was
used to denote a change induced by a change in the choice of local coordinate system. Also the
absence of poles in δĤ matches the similar property of δĤ in [9]. Thus from here on one can
repeat arguments identical to those given in [9] to show that the change δH in the two point
function given in (5.9) can be absorbed into a change in the wave-function renormalization
factor of the state associated with the special state vertex operator inserted on the left, and
the renormalized masses do not change under a change of the locations of the picture changing
operators. Similar analysis would establish that the effect of the terms in (3.49) in which QB
acts on the external state on the right can be absorbed into a wave-function renormalization
of the external state on the right.
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Figure 9: A contribution to the change in the S-matrix under the change in the location of the
picture changing operators.
5.4 S-matrix
Similar argument can be used to show that the S-matrix of special states are also invariant
under a change in the locations of the picture changing operators. For this we use (3.49) to
manipulate the change in the n-point amplitude in a way similar to that for the two point
amplitude. As in the case of mass renormalization, we postpone discussion of the boundary
terms arising from the second term in (3.49) to §5.5. So we only have to examine the first term.
This can be expressed as a sum of terms, in each of which QB acts on a particular external
special state. If W denotes the vertex operator of this state then the term involving QBW can
be manipulated in the same way as in the case of mass renormalization, expressing it as sums
of products of amplitudes 1PI in momentum k and propagators carrying momentum k. The
resulting contribution can be expressed as the sum of diagrams shown in Fig. 8 attached by
a propagator ∆ to an amplitude Γ that is 1PI in momentum k and carries all other external
states (see Fig. 9) plus a term without any pole near k2 = −m2. The term without pole does
not contribute to the S-matrix. As in [9], the contribution of Fig. 9 can be shown to cancel
against the change in the wave-function renormalization factor Z(k)−1/2 that appears in the
expression for the S-matrix, establishing that the S-matrix is invariant under a change of the
locations of the picture changing operators.
5.5 Boundary contributions
In this section we shall study the effect of possible boundary contributions corresponding to the
second term on the right hand side of (3.49). The analysis of this section should be regarded
as an iterative procedure since we need to use some of the results of §5.6 at lower genus / lower
number of punctures. Also this analysis is independent of the nature and number of external
states we have and holds for general external states.
As discussed above (3.52), possible sources of this boundary contribution are from special
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degenerations where a given Riemann surface degenerates to two Riemann surfaces, with the
momentum flowing through the degenerating punctures forced to vanish or satisfy tree level
on-shell condition for some state. As long as we work in the off-shell formalism where the
momenta of all the external states are generic and off-shell, the only possible contribution
involves the case where the momentum flowing through the degenerating punctures vanishes.
This requires that one of the component Riemann surfaces has no punctures (except the one
corresponding to the degenerating puncture) and all the external states are inserted at the
punctures of the other component.
The relevant boundary contribution is given in (3.52). Without any loss of generality we
can take the surface Σ1 to be the one without any external puncture and the surface Σ2 to
contain all the external punctures. Thus we have n1 = 1. Now ghost and picture number
conservation laws given in (3.20) tells us that in both terms on the right hand side of (3.52)
|ϕi〉 must carry picture number −1 and ghost number 3 whereas |ϕj〉 must have picture number
−1 and ghost number 2. Furthermore the presence of b−0 factors in the propagator tells us that
both |ϕci〉 and |ϕ
c
j〉 must be annihilated by c
−
0 and hence both |ϕi〉 and |ϕj〉 must be annihilated
by b−0 . Both |ϕi〉 and |ϕj〉 must be GSO even since the rest of the operators inserted in the
correlations functions are GSO even. The integration over the angular variable θ projects
into states with L0 = L¯0. Finally since eventually we shall take the upper cut-off Λ on the
s-integral to infinity, the non-vanishing contributions to the boundary terms come from states
with L0 = L¯0 ≤ 0. Thus we must classify all possible candidates for |ϕi〉 and |ϕj〉 consistent
with these properties. In fact the choices of |ϕi〉 and |ϕj〉 are correlated due to the requirement
that 〈ϕci |b
−
0 |ϕ
c
j〉 should be non-zero in order to get a non-vanishing contribution. This is best
implemented by choosing a basis of states such that for each |ϕj〉 satisfying the restrictions
given above, there is a unique |ϕi〉 for which 〈ϕcj |b
−
0 |ϕ
c
i〉 is non-zero (or equivalently 〈ϕj|c
−
0 |ϕi〉
is non-zero). We shall now list the possible choices of |ϕi〉 and |ϕj〉 in heterotic string theory
following [47]:
1. ϕj = cc¯e
−φV, ϕi = (∂c + ∂¯c¯)cc¯e
−φV where V is a GSO even matter sector vertex
operator of dimension (h + 1/2, h) with h ≤ 1/2. Absence of tachyons in the spectrum
of physical states tells us that the only operators of this kind present in the theory
have dimension (1,1/2), and the corresponding ϕj describes a vertex operator of a zero
momentum physical massless state. We shall assume that this represents a moduli field
with vanishing potential – the case where the field has a potential can be analyzed
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following the procedure described in [54]. In this case∫
Mg1,n1=1
Ω
(g1,1)
6g1−6+2(|ϕj〉)|S1 (5.11)
represents a zero momentum tadpole of a physical massless state at genus g1. Assuming
that the vacuum we are working with is stable, this zero momentum tadpole must vanish
and hence the second term on the right hand side of (3.52) vanishes after integration over
Mg1,1. On the other hand ∫
Mg2,n2
Ω
(g2,n2)
6g2−6+2n2(|Φ2〉 ⊗ |ϕj〉)|S2 (5.12)
represents the effect of inserting a zero momentum massless external state in the genus
g amplitude of the external states. This multiplied by any constant represents the effect
of shifting the vacuum expectation value of the corresponding field by that constant.
Thus for this choice of |ϕj〉 the first term on the right hand side of (3.52) can be inter-
preted as the result of shifting the expectation value of this massless state by an amount
proportional to [14, 47] ∫
Mg1,1
Ω
(g1,1)
6g1−5+2(|ϕi〉)[V
(1)
f ]|S1 . (5.13)
This is turn can be interpreted as a field redefinition of the corresponding scalar field.
2. ϕj =
1
2
cη + c¯∂¯2c¯c∂ξe−2φ, ϕi = (∂c + ∂¯c¯)(
1
2
cη − c¯∂¯2c¯c∂ξe−2φ). In this case we have
ϕj = {QB, (∂c + ∂¯c¯)c∂ξe
−2φ} . (5.14)
This is a pure gauge state. Thus by the result of §5.6 at a lower genus / lower number
of punctures, (5.11) vanishes for this choice of ϕj whereas the effect of (5.12) can be
absorbed into a wave-function renormalization of external states.
3. ϕj =
1
2
cη− c¯∂¯2c¯c∂ξe−2φ, ϕi = (∂c+ ∂¯c¯)(
1
2
cη + c¯∂¯2c¯c∂ξe−2φ). In this case |ϕj〉 is a BRST
invariant state and represents zero momentum dilaton in the −1 picture. Thus (5.11)
now has the interpretation of a dilaton tadpole. In a consistent background this must
vanish. On the other hand (5.12) can be interpreted as the result of a zero momentum
dilaton insertion into the amplitude. Thus for this choice of |ϕj〉 the first term on the
right hand side of (3.52) can be interpreted as the result of shifting the expectation value
of the dilaton by an amount proportional to (5.13) [14, 47]. Equivalently we can regard
this as a field redefinition of the dilaton field.
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4. ϕj = (∂c + ∂¯c¯)c∂ξe
−2φc¯U , ϕi = cηc¯U where U is a dimension (1,0) GSO even opera-
tor in the matter sector. If the matter CFT has a discrete symmetry which changes
the sign of U but leaves the super stress tensor invariant, then the terms in (3.52) in-
volving correlation function on Σ1, – the Ω
(g1,1)
6g1−5+2(|ϕi〉)[V
(1)
f ]|S1 factor in the first term
and the Ω
(g1,1)
6g1−6+2
(|ϕj〉)|S1 in the second term – vanishes. This is so e.g. in ten dimen-
sional flat space-time or toroidal compactification where U = ∂XM for some compact
or non-compact coordinate XM , and there is always a symmetry that reverses the sign
of XM together possibly with some other XN ’s and their superpartners. Most known
string compactifications have this property. Henceforth we shall restrict our analysis to
those theories in which the contribution from this term to the right hand side of (3.52)
vanishes.10
5. ϕj = (∂c + ∂¯c¯)ce
−φV , ϕi = ce
−φV c¯∂¯2c¯ where V is a dimension (0, 1/2) GSO odd matter
operator. Again if the matter CFT has a discrete symmetry under which V → −V but the
super-stress-tensor remains invariant then the terms in (3.52) involving correlation func-
tion on Σ1, – the Ω
(g1,1)
6g1−5+2(|ϕi〉)[V
(1)
f ]|S1 factor in the first term and the Ω
(g1,1)
6g1−6+2(|ϕj〉)|S1
in the second term – vanishes. This is so e.g. in ten dimensional flat space-time or toroidal
compactification where V = ψM for some fermionic field ψM which is the superpartner
of some compact or non-compact coordinate XM , and there is always a symmetry that
reverses the sign of (ψM , XM) together possibly with some other XN ’s and their super-
partners. Again most known string compactifications have this property. Henceforth we
shall restrict our analysis to those theories for which this amplitude vanishes.
5.6 Decoupling of pure gauge states
An argument very similar to the one given in §5.3 can be used to show the vanishing of the
S-matrix elements involving one or more pure gauge states of the form QB|Λ〉 and the rest of
the states corresponding to special states. Our starting point is again (3.30). Up to boundary
terms which arise from the integration over total derivative term dΩ
(g,n)
p−1 and can be treated as
in §5.5, we can transfer the BRST operator from over Λ to the other external states which we
10At genus one the relevant correlator on the torus in the matter CFT involves just the one point function of
the U(1) current U . Due to translational symmetry on the torus we can replace this by the contour integral of
U along the a-cycle. In this case we can represent the correlator in the matter sector as a trace over all fields
weighted by the U -charge and e2pii(τL0−τ¯ L¯0). This receives equal and opposite contributions from the CPT
conjugate states and hence always vanishes.
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Figure 10: Result of organizing the amplitude with QBW as an external state into product of
terms 1PI in momentum k and propagators carrying momentum k. The momentum k enters
through the external state represented by the left black dot in each diagram.
have assumed to be special states. Let us denote the vertex operator of such a special state by
W and the momentum carried by it by k and analyze the term involving the insertion of QBW
to the amplitude. We can decompose the amplitude into sum of products of terms which are
1PI in the momentum k and propagators carrying momentum k. The resulting organization
of the amplitude takes the form shown in Fig. 10, with Γ̂ denoting a component that is 1PI
in momentum k and carries all other external states and Γ˜ denoting a contribution to the
full amplitude that is 1PI in momentum k and carries all external states. δH1 is the same
quantity that appears in §5.3. The same argument as before now tells us that none of these
diagrams have any poles at k2 +m2 = 0 where m is the tree level mass of the special states,
and hence after adding them we do not get a pole at k2 = −m2p. Thus the contribution from
these diagrams to the S-matrix vanishes. The boundary terms can be analyzed as in §5.5 with
Λ insertion now playing the role of contraction with Vf . There is an added simplification in
that as long as Λ carries generic momentum, it can only be inserted on the surface Σ2 where
the rest of the vertex operators are inserted. Thus the analog of the terms in (3.52) involving
V
(1)
f will be absent.
The same arguments can be used to show that the insertion of (5.14) to an amplitude
gives vanishing contribution to the S-matrix element, but a few additional terms need to
be analyzed. First of all, since (5.14) carries zero momentum, the term containing QBW
insertion to the amplitude can have poles from diagrams shown in the second line of Fig. 11.
However as discussed in the caption of this figure, the effect of these terms can be absorbed
into a redefinition of the wave-function renormalization factor of the special state described
by the vertex operator W . The second difference is that in the boundary terms, the operator
Λ = −(∂c+ ∂¯ c¯)c∂ξe−2φ that is left after stripping off QB from (5.14) can be inserted into Σ1 as
well as on Σ2 and hence we have the analog of both terms that appear in (3.52). This however
does not pose any difficulty since the boundary terms may be analyzed in the same way as in
§5.5.
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Figure 11: The first line gives the definition of F˜ with the external left black dot in each
graph denoting the insertion of QBW carrying momentum k and the vertical external line on
top denoting the insertion of the zero momentum vertex operator Λ = (∂c + ∂¯c¯)c∂ξe−2φ that
appears in (5.14). It follows from the analysis similar to that for δĤ in §5.3 that F˜ has no
poles near k2 +m2 = 0 despite the appearance of internal propagators carrying momentum k
from the second term onwards. The second line gives the diagrams that could generate poles
near k2 + m2 = 0 in the amplitude containing QBW , Λ and other special states as external
legs. Here Γ is 1PI in momentum k and carries all external states other than QBW and Λ.
Since the net contribution of the second line can be interpreted as the result of multiplying the
external propagator of the Green’s function by F˜ from the left, the effect of this is to change the
wave-function renormalization factor Z1/2 of the special state described by the vertex operator
W by a factor proportional to F˜ .
5.7 Type II string theory
The analysis for type II string theory proceeds in the same way except that the list of operators
ϕi and ϕj which can appear in the sum over states in (3.52) are different. We shall now analyze
their contributions.
1. ϕj = cc¯e
−φe−φ¯V, ϕi = (∂c + ∂¯c¯)cc¯e
−φe−φ¯V where V is a left-GSO and right-GSO odd
matter sector vertex operator of dimension (h, h) with h ≤ 1/2. Absence of tachyons in
the theory tells us that the only possible value of h is 1/2 in which case ϕj describes
the vertex operator of a physical massless state. We can then follow the analysis used
in the case of heterotic string theory to show that as long as tadpoles of massless fields
vanish, boundary contributions involving these operators can be absorbed into a shift of
the vacuum expectation values of the massless fields.
2. ϕj =
1
2
(cηc¯∂¯ξ¯e−2φ¯+ c¯η¯c∂ξe−2φ), ϕi =
1
2
(∂c+ ∂¯c¯)(cηc¯∂¯ξ¯e−2φ¯+ c¯η¯c∂ξe−2φ). In this case we
have
ϕj = {QB, (∂c + ∂¯c¯)c∂ξe
−2φc¯∂¯ξ¯e−2φ¯} . (5.15)
This is a pure gauge state. Thus as in the case of heterotic string theory, its effect can
be absorbed into a wave-function renormalization of external states.
57
3. ϕj =
1
2
(cηc¯∂¯ξ¯e−2φ¯ − c¯η¯c∂ξe−2φ), ϕi =
1
2
(∂c + ∂¯c¯)(cηc¯∂¯ξ¯e−2φ¯ − c¯η¯c∂ξe−2φ). In this case
|ϕj〉 is a BRST invariant state and represents zero momentum dilaton in the (−1,−1)
picture. Thus as in the case of heterotic string theory, the effect of this term can be
absorbed into a shift in the expectation value of the zero momentum dilaton field.
4. ϕj = (∂c+ ∂¯c¯)c∂ξe
−2φc¯e−φ¯U , ϕi = cηc¯e
−φ¯U where U is a left GSO odd, right GSO even
dimension (1/2, 0) operator in the matter sector. In a unitary theory such an operator is
a superconformal primary. As in the case of heterotic string theory, if the theory has a
discrete symmetry under which U → −U keeping the super-stress tensor invariant, then
the matrix element of this operator on Σ1 will vanish. We shall restrict our analysis to
the class of theories for which this holds..
5. ϕj = (∂c+ ∂¯c¯)c¯∂¯ξ¯e
−2φ¯ce−φV , ϕi = c¯η¯ce
−φV where V is a left GSO even, right GSO odd
dimension (0, 1/2) operator in the matter sector. This case can be treated exactly as the
previous one with the roles of left and right moving sectors on the world-sheet exchanged.
5.8 General states
For external states which are not special, we need to choose a suitable basis for physical,
unphysical and pure gauge states, ‘diagonalize’ the propagator at each mass level after ‘inte-
grating out’ fields at other mass levels and identify the renormalized physical states and their
masses. For bosonic string theory this procedure has been described in detail in [10]. We
expect that there should not be any surprises in generalizing the analysis of [10] to heterotic or
type II string theory, but we shall postpone a detailed analysis of this question to the future.
6 Ramond sector
Let us now consider the case where the external vertex operators also include (an even number
of) Ramond punctures. If we take all the external Ramond punctures in the −1/2 picture
then on a genus g surface with nB NS punctures and 2nF Ramond punctures, we need a total
of 2g − 2 + nB + nF picture changing operators. With this change we can define the off-shell
amplitudes in the same way as in §3.
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6.1 The problem
The problem however appears while choosing a gluing compatible assignment of picture chang-
ing operators near a degeneration where a Ramond sector state propagates along the tube
connecting the Riemann surfaces. Consider for example the case where the Riemann sur-
face described above degenerates into a pair of Riemann surfaces of genus g1 and g2 with the
first one carrying nB1 NS punctures and 2nF1 R-punctures and the second one carrying nB2
NS-punctures and 2nF2 R-punctures, satisfying
g = g1 + g2, nB = nB1 + nB2, 2nF = 2nF1 + 2nF2 − 2 . (6.1)
From the fact that the total number of external Ramond states decreases by 2 after gluing we
know that the vertex operator at the punctures being glued must be Ramond vertex operators.
However in this case since the picture numbers of the Ramond vertex operators at these
punctures must add up to −2, it is not possible to take both of them in the −1/2 picture as
in the case of external states. Indeed we can see that we run into an apparent contradiction
if we take both in the −1/2 picture. In that case on the first Riemann surface we shall have
2g1 − 2 + nB1 + nF1 picture changing operators and on the second Riemann surface we shall
have 2g2 − 2 + nB2 + nF2 picture changing operators. Using (6.1) their numbers add up to
2g + nB + nF − 3. This is one less then the number of picture changing operators which were
inserted on the original surface.
This shows that it is impossible to satisfy the gluing compatibility condition in its original
form which required that the arrangement of picture changing operators on the glued surface
must agree with the collection of picture changing operators on the individual surfaces.
6.2 The prescription
We shall now suggest a possible procedure which is not elegant but practical. This procedure
essentially specifies the rules for building up the full amplitude from 1PI amplitudes.
1. For computing 2-point amplitude of two Ramond states, we take one of them in the
−1/2 picture and the other one in the −3/2 picture. In this case near any Ramond
degeneration of this amplitude, we pick the vertex operator at the degenerating puncture
that is closer to the −1/2 picture vertex operator in the −3/2 picture and the other one
in the −1/2 picture. This basically means that if the degeneration is into a genus g1 and
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a genus g2 surface then we take 2g1 picture changing operators to lie on the genus g1
surface and 2g2 picture changing operators to lie on the genus g2 surface.
2. For n-point amplitude with n ≥ 3 we take all external Ramond sector states in the −1/2
picture and adopt the following algorithm. For any given set of n external states, we
declare all subsets of length ≤ (n − 1)/2 as B-type, all subsets of length ≥ (n + 1)/2
as A-type and (if n is even) classify the subsets of length n/2 arbitrarily as A-type or
B-type, with the constraint that the complement of an A-type set is always B-type and
vice versa. Now for any given Ramond degeneration of the original punctured Riemann
surface into a pair of punctured Riemann surfaces, one side will contain an A-type set
of external states and the other side will contain a complementary set that is of B-type.
Our prescription will be that on the component that contains external states in the
A-type set we choose the state at the degenerating puncture to be a picture number
−1/2 state, while on the component that contains external states in the B-type set we
choose the state at the degenerating puncture to be a picture number −3/2 state. This
effectively means that the extra picture changing operator is inserted on the component
of the Riemann surface that contains external states in the B-type set.
Clearly the division of the external states into A and B-type is arbitrary. The important
point is that the rules for making such divisions, although arbitrary, must depend only
on how the external states are divided up into subsets by the degeneration and not on
the genera or the moduli of the Riemann surfaces involved in the degeneration. This is
necessary for the factorization property of the amplitude to be discussed in §6.3.
This procedure implies that the 1PI amplitudes which are glued together to form the full
amplitude can some time have all the external states in the −1/2 picture, and other times
one of their external states in the −3/2 picture. The fact that any subset of a B-type set is
always B-type guarantees that we do not get any 1PI amplitude with more than one −3/2
picture vertex operator. Gluing compatibility then tells us that for any such 1PI amplitude,
the arrangement of picture changing operators on the corresponding Riemann surface (and of
course the choice of local coordinates at the punctures) must be chosen in a way that only
depends on the moduli relevant to that 1PI amplitude and is independent of the rest of the
Riemann surfaces to which it is attached by plumbing fixture.
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Figure 12: Pictorial representation of eq.(6.3). The horizontal lines represent ∆ and blobs
marked 1PI represent Γ˜. Note that this diagram is left-right asymmetric as in each 1PI com-
ponent the state on the left is in the −1/2 picture and the state on the right is in the −3/2
picture. The latter has been indicated by a | at the vertex.
6.3 Analysis of propagator and S-matrix
We shall now briefly describe how this prescription helps us define propagators and S-matrix
elements. Let us start with the Ramond sector propagator where one of the external vertex
operators is in the −1/2 picture and the other one is in the −3/2 picture. Let k be the
momentum carried by the −1/2 picture external vertex operator. In this case the tree level
propagator is
∆ = (L0 + L¯0)
−1δL0,L¯0 . (6.2)
We now follow the procedure of [9,10] to divide the higher genus amplitudes into one particle
reducible (1PR) and one particle irreducible (1PI) amplitudes. Each 1PI component will have
one external vertex operator carrying momentum k in the −1/2 picture and the other external
vertex operator carrying momentum −k in the −3/2 picture. If Γ˜ denotes the 1PI amplitude
then the full propagator can be written as
Π = ∆+∆Γ˜∆ +∆Γ˜∆Γ˜∆ + · · · = (∆−1 − Γ˜)−1 . (6.3)
This has been shown pictorially in Fig. 12. The poles of this give the renormalized mass2. Fol-
lowing the procedure described in [9,10] one can further simplify this by integrating out states
at all mass levels except a particular level and reduce the problem to that of diagonalization
of a finite dimensional matrix, but we shall not discuss the details here.
Note that the familiar G0 in the numerator is missing from the tree level propagator ∆ that
appears in (6.3). This is related to choosing specific normalization of the basis states i.e. the
choice 〈−3/2, r|c0c¯0| − 1/2, s〉 = δrs that has been used to get the propagator ∆. As a result
the G0 factor is hidden inside Γ˜ in (6.3). At the end of this section we shall describe how this
factor can be recovered explicitly when the propagating state is a special state in the spirit
described in §5.1.
Now consider the case of a general amplitude with external fermions with momenta k1, · · ·kn
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and tree level masses m1, · · ·mn. One would like such an amplitude to satisfy the following
properties:
1. After multiplying the amplitude by a factor of ∆ for each external leg to generate the
off-shell Green’s function as described in (1.1), each amplitude should have an explicit
factor of the full propagator Π(ki) for each external leg. This will allow us to compute
the S-matrix element using the LSZ prescription.
2. If k denotes the sum of a subset of the external momenta then the pole of the S-matrix
in the k2 plane must come from the poles of Π(k).
Let us begin with the first property. We break up the amplitude into sums of products of 1PI
amplitudes as usual. Since subsets containing single external fermions are always B-type, the
structure of self energy corrections associated with each of the external Ramond sector states
will be the same as the one described in Fig. 12 for the two point function. In particular in
any 1PI subamplitude inserted on the i-th external leg, we always pick the −3/2 picture vertex
operator on the puncture carrying momentum −ki and −1/2 picture vertex operator on the
puncture carrying momentum ki. Thus we get precisely the same factor (6.3) for each external
leg. From this we can compute the on-shell S-matrix elements using the LSZ prescription as
in [9, 10].
A similar analysis can be used to prove the second property. To find the pole of the
amplitude in k2 we can express the off-shell amplitude Γ as sums of 1PI and 1PR contributions
in legs carrying momentum k as
Γ = Γ̂ + Γ̂a1ΠabΓ̂
b
2 , (6.4)
where Γ̂ represents contributions to Γ which are 1PI in the leg carrying momentum k and Γ̂a1,
Γ̂b2 are also subamplitudes 1PI in momentum k. A pictorial representation of the second term
on the right hand side of (6.4) has been shown in Fig. 13. Between Γ̂a1 and Γ̂
b
2, one of them
carries external states in A-type set and the other carries external states in B-type set. In
the former the internal state will be inserted using −1/2 picture while in the latter it will be
inserted in the −3/2 picture. This makes it manifest that the poles in the amplitude as a
function of k2 occur exactly at the poles of Π given in (6.3).
Following the analysis of [9, 10] and the ones carried out here, one may be able to prove
that the renormalized masses and S-matrix elements computed this way are independent of
the detailed arrangement of picture changing operators as well as of how we assign subsets of
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Figure 13: Pictorial representation of the second terms on the right hand sides of eq.(6.4).
Here 1PI means sum of contributions which are 1PI in the leg carrying momentum k, whereas
Full means sum of all contributions to the 2-point function shown in Fig. 12. If external states
on the left side belong to the B-type set, then the internal state on the left side inserted into
the 1PI amplitude is in the −3/2 picture while the internal state on the right inserted into
the 1PI amplitude is in the −1/2 picture. As in Fig. 12, the −3/2 picture state insertions are
marked by |.
1, · · ·n to be ofA-type andB-type. A detailed analysis of this will be postponed to future work.
However at this stage we note that for special Ramond sector states – in the spirit described in
§5.1 – one can recover the symmetry between theA-type and B-type sets as follows. We simply
require that in any degeneration limit the extra picture changing operator that is inserted on
the part of the amplitude with external states in the B-type set approaches the degeneration
node that carries the −3/2 picture vertex operator.11 Since for special states all the relevant
vertex operators have the form c¯ c e−3φ/2V˜α e
ik·X(z) for some matter sector vertex operator V˜α,
the only term in the picture changing operator that gives a non-zero contribution in this limit
is the eφ TF (w) term in X (w). Now for special states, there are no matter sector operators
carrying the same weight as V˜α and having conformal weight less than that of V˜α. Thus the
maximum singularity we can get from the operator product of TF (w) and V˜α(z) is (w− z)−3/2,
3/2 being the conformal weight of TF . This cancels with the (w−z)3/2 factor from the operator
product of eφ and e−3φ/2, producing a non-singular term.12 Its contribution is
lim
w→z
eφTF (w) c¯ c e
−3φ/2V˜α e
ik·X(z) ∝ c¯ c e−φ/2(γµkµ ±M)α
βVβ(z) (6.5)
11This is equivalent to inserting the picture changing operator on the propagator.
12The condition for being able to do this is actually less stringent than a special state condition. The latter
requires restriction on the conformal weight in both the holomorphic and the antiholomorphic sectors, while
here we only need restriction on the holomorphic conformal weight.
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where M is the tree level mass of the vertex operator and Vβ is another matter sector operator
that appears in the expression for the −1/2 picture vertex operator. The (γµkµ±M)αβ factor
comes from the action on V˜β of the G0 term in the mode expansion of TF . This converts the
−3/2 picture vertex operator to −1/2 picture vertex operator and converts the propagator
δα
β/(k2 +M2) to (γµkµ ±M)αβ/(k2 +M2) which is the correct Ramond sector propagator.
Since now all Ramond degenerating nodes carry −1/2 picture vertex operators, we recover the
symmetry between the external states in the A and B-type set.
7 Computation of Fayet-Iliopoulos terms using picture
changing operator
The procedure for defining off-shell amplitudes using picture changing operators, as described
above, can also be used for on-shell amplitudes. In this section we shall describe how it can
be used to compute the effect of Fayet-Iliopoulos (FI) terms in SO(32) heterotic string theory
compactified on a Calabi-Yau 3-fold [34–41].
7.1 Choice of locations of picture changing operators and local co-
ordinate system
We refer the reader to the original papers for the necessary background, and focus here only
on the computational aspect of the problem. The problem involves computing an on-shell two
point function of two NS sector states at one loop order. The vertex operators describing the
states have the form
c¯ c e−φ V1 e
ik·X and c¯ c e−φ V2 e
−ik·X , k2 = 0 , (7.1)
where Xµ for 0 ≤ µ ≤ 3 denote the four non-compact target space-time coordinates and V1, V2
are a pair of superconformal primaries of dimension (1,1/2) made of the degrees of freedom
associated with the compact directions. Some of the special properties of Vi that we shall need
will be reviewed later as and when we need them. In this section we shall work in the α′ = 1
unit in which Xµ and its fermionic partner ψµ have the following operator product:
∂Xµ(z)∂Xν(w) = −
ηµν
2(z − w)2
+ · · · , ψµ(z)ψν(w) = −
ηµν
2(z − w)
+ · · · , (7.2)
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where · · · denote non-singular terms. The matter energy momentum tensor T (z) and its
superpartner TF (z) have the following form
T (z) = −∂Xµ∂Xνηµν + ψµ∂ψ
µ + Tint, TF (z) = −ψµ∂X
µ + (TF )int , (7.3)
where the subscript int denotes contributions from the compact directions.
For computing this amplitude we need to first compute the correlation function on the two
punctured torus with the two vertex operators given in (7.1) inserted at the punctures, together
with appropriate insertion of ghost fields and the picture changing operators as described in
§3, and then integrate this over the moduli space of two punctured tori. The latter will be
parametrized by the coordinates of one of the punctures (with the other one kept fixed) and
the modular parameter τ of the torus. Let u be the coordinate system in which the torus is
described by the identification
u ≡ u+m+ nτ, m, n ∈ ZZ . (7.4)
Then we shall choose the punctures P1 and P2 to be at u = 0 and u = y and use y and τ as
complex coordinates of the moduli space. Furthermore we shall use
w1 = u, and w2 = u− y , (7.5)
as the local coordinates around the puncture P1 and P2 (up to overall phases).
13
Let us now describe the choice of locations of the picture changing operators. We need two
of them. We shall choose one to be at a fixed location in the u coordinate, say at u = u1 and
the other one at a location y = u2 ≡ αy for some fixed constant α. This has the property
that in the degeneration limit when y → 0, if we regard the configuration as a three punctured
sphere glued to a one punctured torus (with u/y as the coordinate system on the sphere and
u as the coordinate system on the torus), the picture changing operator at u1 lies on the torus
13This choice is not quite gluing compatible, as the latter requires that as we take the degeneration limit
y → 0, the distance between the punctures should remain fixed in the local coordinate system of each puncture.
This can be achieved by scaling the local coordinates by 1/y. Following the analysis of §2 one can show that
this will have two effects. First of all it will generate an extra factor of |y|h1+h2 where h1 and h2 are the total
conformal weights of the vertex operators inserted at the punctures. Since for on-shell external vertex operators
we have h1 = 0, h2 = 0, this effect disappears. Second, since the relationship between the local coordinates and
the fixed coordinate u vary by a scale factor as we vary y, we shall have additional insertions in the correlation
function involving b0 and b¯0 operators acting on external states. However since the external states satisfy the
Siegel gauge condition b0|Ψ〉 = b¯0|Ψ〉 = 0, this effect also disappears. Thus we can continue to use u and u− y
as the local coordinates.
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and the picture changing operator at u2 lies on the sphere. This is the correct prescription for
gluing compatibility. We could also have made a non-holomorphic choice in which u2 is taken
to be a function of y and y¯. We have not done this in order to keep the analysis simple, but
the final result remains the same even for this more general choice.
Once we have made a choice of local coordinates and the location of the picture changing
operators, we have fixed the choice of the section in P˜1,2 on which we shall integrate. This means
that the tangent vectors ∂/∂τ , ∂/∂y and their barred counterparts now have definite images
in the tangent space of P˜1,2, and the integration measure will be given by the contraction
of Ω1,24 with these tangent vectors. This in turn means that we should now be able to use
(3.19) to write down explicitly the measure that needs to be integrated over M1,2 to compute
the relevant amplitude. We shall now do this explicitly. For this we shall follow the general
procedure described in §2.6 and §3.4 in which we divide the Riemann surface into different
components with different coordinate systems and the functional relationship between the
coordinates encode information about the moduli. We choose three different coordinate systems
on the torus: the coordinate u introduced earlier which is also the local coordinate w2 around
the puncture at y = 0, the local coordinate w1 = u− y defined around the puncture at y, and
a new coordinate system z defined as follows. Around the line C2: Im u = a for some positive
constant a we have z = u − τ and along the line C3: Im u = −b for some negative constant
−b we have z = u. Then the whole torus, whose fundamental domain we shall take to be the
region
− b ≤ Im u < τ2 − b, −
1
2
+
τ1
τ2
Im u ≤ Re u <
1
2
+
τ1
τ2
Im u , (7.6)
is covered by three regions. Around the puncture at y we identify a small disk D1 inside which
we use the w1 = u− y coordinate system. In the region
D2 : −b ≤ Im u < a, −
1
2
+
τ1
τ2
Im u ≤ Re u <
1
2
+
τ1
τ2
Im u, u 6∈ D1 , (7.7)
we use the u coordinate system. Finally in the region
D3 : a− τ2 ≤ Im z < −b, −
1
2
+
τ1
τ2
Im z ≤ Re z <
1
2
+
τ1
τ2
Im z , (7.8)
we use the z coordinate system. This has been shown in Fig. 14. The functional relationship
between the coordinates takes the form
On C1 = ∂D1 : w1 = u− y ,
On C2 : z = u− τ ,
On C3 : z = u . (7.9)
66
D1
D2
D3
C1
C2
C3
C3
✠
■
Figure 14: The covering of the torus by three different regions.
Both picture changing operators will be introduced in the u coordinate system in the region
D2.
7.2 The integration measure
Let us now follow the prescription of §2.6 and §3.4 to determine the insertion of b-ghost and
picture changing operators. First let us ignore the picture changing operators and determine
the b-ghost insertions as if we were working in bosonic string theory. In this case using (7.9)
and the analysis of §2.6 we see that the effect of contraction of Ω1,2p with ∂/∂τ is a b-ghost
insertion along C2 since the only dependence on τ arises from the gluing function along C2.
Furthermore since for fixed y, zτ+δτ = zτ−δτ , the associated vector field is v(z) = −1, showing
that the b-ghost insertion corresponding to contraction with ∂/∂τ and ∂/∂τ¯ is just
(−bτ )(−b¯τ ), bτ ≡
∮
C2
dzb(z), b¯τ ≡
∮
C2
dz¯b¯(z¯) . (7.10)
In the definition of bτ (b¯τ ) the integration contour C2 should be oriented so that the region D3
lies to its left (right). On the other hand since the only y dependence of the gluing function
is along the curve C1, the effect of contraction with ∂/∂y is represented by a contour integral
along C1. The associated vector field is v(w1) = −1 and hence we have the insertion of
(−by)(−b¯y), by ≡
∫
C1
dw1b(w1), b¯y ≡
∫
C1
dw¯1b¯(w¯1) . (7.11)
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In the definition of by (b¯y) the integration contour runs anticlockwise (clockwise) around the
puncture at y. The − signs in (7.10) and (7.11) reflect the − signs in the vector fields associated
with τ and z deformation.
Now let us consider the effect of inserting the picture changing operators. Both of them are
inserted in the region D2 in the u coordinate system. Of them one location u1 is fixed while
the other one u2 varies with y as αy. It follows from the general prescription of §3.4 that the
net insertion of b-ghosts and picture changing operators into the correlation function will be
bτ b¯τX (u1)(X (u2)(−by)− ∂ξ(u2)(∂u2/∂y))(−b¯y) (7.12)
Using u2 = αy and the form of the vertex operators given in (7.1) we can now write the net
contribution to the torus 2-point function as14∫
d2τ
∫
d2y
〈
bτ b¯τX (u1)c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)(
X (αy) + α ∂ξ(αy)c(y)
)
e−φ(y)V2(y)e
−ik.X(y)
〉
, (7.13)
where ∂ always denotes derivative with respect to the argument. The final result should be
independent of α. This will be verified explicitly in §7.4.
7.3 Evaluation of the amplitude
We shall now evaluate (7.13). First we write
X (u1) = X (0) + (X (u1)− X (0)) = X (0) + {QB, ξ(u1)− ξ(0)} , (7.14)
where we have used (3.7). The contribution from the first term can be analyzed by noting that
X (0)c¯(0)c(0)e−φ(0)V1(0)e
ik.X(0) = c¯(0)c(0){V˜1(0)−
i
2
k.ψ(0)V1(0)}e
ik.X(0)
−
1
4
c¯(0)η(0)eφ(0)V1(0)e
ik.X(0) , (7.15)
where ψµ denote the world-sheet fermions describing superpartners of the non-compact target
space-time coordinates Xµ, and V˜1 is the dimension (1,1) vertex operator of the conformal
14In this expression we have dropped an overall normalization of 1/pi2 that comes from a combination of two
terms. First the (2pii)−(3g−3+n) factor in (3.18) gives a factor of −1/4pi2. Second the integration measure is
really dτ ∧dτ¯ ∧dy∧dy¯ which translates to −4d2τd2y. Nevertheless we shall be able to check that our procedure
agrees with the one used in [35, 36] including normalization. This is described at the end of §7.3.
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field theory associated with the compact Calabi-Yau manifold, related to V1 via the action of
superconformal generator TF :
TF (z)V1(0) = −
1
z
V˜1(0) + non-singular . (7.16)
Using (7.15) we see that the contribution to (7.13) from the first term on the right hand side
of (7.14) is given by∫
d2τ
∫
d2y
〈
bτ b¯τ
[
c¯(0)c(0){V˜1(0)−
i
2
k.ψ(0)V1(0)}e
ik.X(0) −
1
4
c¯(0)η(0)eφ(0)V1(0)e
ik.X(0)
]
×
(
X (αy) + α ∂ξ(αy)c(y)
)
e−φ(y)V2(y)e
−ik.X(y)
〉
. (7.17)
As already mentioned above, and will be verified in §7.4, the total contribution is expected to
be independent of α. In order to make contact with the analysis of [35,36] we shall now take the
α→ 1 limit, which amounts to inserting the second picture changing operator at the location y
of the second puncture. In this limit the c∂ξ term from X (αy) cancels the α ∂ξ(αy)c(y) term.
Thus the only term in the second line of (7.17) that contributes is the term
lim
α→1
eφ(αy)TF (αy)e
−φ(y)V2(y)e
−ik.X(y) =
{
V˜2(y) +
i
2
k.ψ(y)V2(y)
}
e−ik.X(y) , (7.18)
where V˜2(y) is defined in the same way as V˜1 in (7.16)
TF (z)V2(0) = −
1
z
V˜2(0) + non-singular . (7.19)
Furthermore φ charge conservation now allows us to drop the term proportional to eφ(0) from
the first line of (7.17). Thus (7.17) now takes the form∫
d2τ
∫
d2y
〈
bτ b¯τ c¯(0)c(0)
{
V˜1(0)−
1
2
ik.ψ(0)V1(0)
}
eik.X(0)
{
V˜2(y) +
1
2
ik.ψ(y)V2(y)
}
e−ik.X(y)
〉
.
(7.20)
This is precisely the term that was analyzed in [35,36]. As emphasized there, if we work with
strictly on-shell momentum k2 = 0 then the result vanishes. [35, 36] analyzed this by keeping
the momenta slightly off-shell and at the end taking the k2 → 0 limit. We shall come back to
discuss this approach later, but for now we proceed by keeping k2 = 0 from the beginning. In
that case this term does not contribute.
This leaves us with the contribution from the second term on the right hand side of (7.14),
and we need to take the α→ 1 limit at the end. This can be analyzed by deforming the BRST
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contour and picking up the contribution from the residues at the rest of the operators inserted
in (7.13). Before doing that however we replace QB by its holomorphic part Q
R
B since only this
part contributes to {QB, ∂ξ}. We have
[QRB, c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)] = 0 , (7.21)
[QRB,X (αy)] = 0 , (7.22)
[QRB, ∂ξ(αy)] = ∂X (αy) , (7.23)
[QRB, c(y)e
−φ(y)V2(y)e
−ik.X(y)] = 0 , (7.24)
[QRB, e
−φ(y)V2(y)e
−ik.X(y)] = ∂y
(
c(y)e−φ(y)V2(y)e
−ik.X(y)
)
. (7.25)
Finally {QRB, b¯τ} vanishes and {Q
R
B, bτ} generates total derivative with respect to τ and inte-
grates to zero. Thus the net contribution, after adding all the terms, is given by∫
d2τ
∫
d2y
〈
bτ b¯τ (ξ(u1)− ξ(0))c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)[
X (αy)∂y
(
c(y)e−φ(y)V2(y)e
−ik.X(y)
)
+ α ∂X (αy)c(y)e−φ(y)V2(y)e
−ik.X(y)
]
. (7.26)
This can be rewritten as∫
d2τ
∫
d2y ∂y
[〈
bτ b¯τ{ξ(u1)− ξ(0)}c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)X (αy)c(y)e−φ(y)V2(y)e
−ik.X(y)
〉]
.
(7.27)
Note that the only term of X (αy) that contributes is the one with φ charge 2:
−
1
4
∂ηbe2φ −
1
4
∂
(
ηbe2φ
)
. (7.28)
Substituting this into (7.27) and using the operator product expansion to evaluate the α→ 1
limit, we get
−
1
4
∫
d2τ
∫
d2y ∂y
〈
bτ b¯τ{ξ(u1)− ξ(0)}c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)η(y)eφ(y)V2(y)e
−ik.X(y)
〉
.
(7.29)
This is a total derivative in y. Thus it can get a non-zero contribution only from the
boundary near y = 0 if the integrand has a singularity of the form 1/y¯. Now the only source of
y¯ dependence in the above correlator is from the matter vertex operators V1 and V2; the e
ik·X
factors can be ignored altogether since any contraction involving them will pick up k2 factors
which vanish by on-shell condition. Thus we can simply replace V1(0)V2(y) by the part which
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has a pole of the form 1/y¯ and which has a non-vanishing expectation value on the torus. This
is given by [35, 36]
V1(0)V2(y) =
q
y¯
VD(0) , (7.30)
where VD is the dimension (1,1) operator representing the vertex operator of the auxiliary D-
field associated with the anomalous U(1) gauge field and q is the charge carried by the vertex
operator under this anomalous U(1). VD is given by the product of the R-symmetry current
on the right-moving sector of the world-sheet and the left-moving U(1) current associated with
the anomalous U(1) gauge field. The other relevant operator products are
e−φ(0)eφ(y) ≃ −y +O(y2) , (7.31)
and
{ξ(u1)− ξ(0)} η(y) ≃ y
−1 +O(y0) . (7.32)
Substituting this into (7.29) we get
−
q
4
∫
d2τ 〈
〈
bτ b¯τ c¯(0)c(0)VD(0)〉 ×
∫
d2y ∂yy¯
−1 , (7.33)
where it is understood that the integral over y is to be done by putting a cut-off |y| ≥ ǫ for some
small positive number ǫ – this corresponds to the infrared regularization s < Λ described in
§3.8 with the identification |y| = e−s, ǫ = e−Λ – and we are supposed to pick up the boundary
contribution from the |y| = ǫ end. Writing the integral in terms of r = |y| and θ = Arg(y) it is
easy to see that the integral over y receives a contribution of −π from the boundary at |y| = ǫ.
Thus the the final result for the two point function is given by
1
4
π q
∫
d2τ〈
〈
bτ b¯τ c¯(0)c(0)VD(0)〉 . (7.34)
This agrees with the result of [39] up to normalization. We shall check the normalization
shortly.
Note that the entire extra contribution compared to that in [35, 36] for k2 = 0 came from
the need to move the first picture changing operator from 0 to the position u1, whose effect is
given by the second term in the right hand side of (7.14). This is needed to ensure that the
picture changing operators follow the correct arrangement in the degeneration limit.
In order to check that the analysis given above captures the complete result, we shall now
verify that (7.34) gives the correct normalization and sign. We shall do this by comparing
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the result with that of [35, 36] where the complete contribution came from (7.20) by keeping
k slightly off-shell.15 In this case the nonvanishing part of the result comes from keeping the
second term inside each curly bracket in (7.20):
1
4
∫
d2τ
∫
d2y
〈
bτ b¯τ c¯(0)c(0)k.ψ(0)V1(0) e
ik.X(0)k.ψ(y)V2(y) e
−ik.X(y)
〉
. (7.35)
Now by Lorentz invariance the ψµ, ψν correlator is proportional to ηµν , producing a factor
of k2. Since eventually we take the k2 → 0 limit we must pick up the singular contribution
proportional to 1/k2 from the rest of the terms. This comes from the y → 0 limit of the
integration. Eq.(7.30), (7.2) together with
eik.X(0)e−ik.X(y) = |y|−k
2
+ less singular terms (7.36)
and the fact that V1, V2 anti-commute with ψ
µ now give
− q
k2
8
∫
d2τ
∫
d2y |y|−2−k
2 〈
bτ b¯τ c¯(0)c(0)VD(0)
〉
. (7.37)
In the k2 → 0 limit the y integral produces a factor of −2π/k2. Thus the net contribution is
1
4
π q
∫
d2τ
〈
bτ b¯τ c¯(0)c(0)VD(0)
〉
. (7.38)
This is in perfect agreement with (7.34).
7.4 α independence
Finally let us verify that the expression (7.13) is independent of α. For this we take the α
derivative of this expression. Acting on X (αy) this generates a y{QRB, ∂ξ(αy)} while acting
on α∂ξ(αy) it gives ∂ξ(αy) + αy∂2ξ(αy). The BRST contour in {QRB, ∂ξ(αy)} can now be
deformed. {QRB, b¯τ} vanishes and the residue from {Q
R
B, bτ} generates total derivatives in τ
which integrate to zero. On the other hand the c¯(0)c(0)e−φ(0)V1(0)e
ik.X(0) is BRST invariant
15Although we are reproducing the computation of [35,36], we should keep in mind that this is different from
the definition of off-shell amplitude we have given earlier. Refs. [35, 36] use a coordinate system in which the
local coordinates at the punctures are taken to be u and u− y instead of scaling them by 1/y as described in
footnote 13. Nevertheless this computation was justified by showing that this produces correctly the location
of the s-channel pole in an on-shell four point scattering amplitude. If instead we follow our approach then
the off-shell computation will be very similar to the on-shell computation performed here. The y dependent
scaling will remove the −k2 from the exponent of y in (7.37) and the final result will still come from boundary
contributions.
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and {QRB, e
−φ(y)V2(y)e
−ik.X(y)} generates ∂y
(
c(y)e−φ(y)V2(y)e
−ik.X(y)
)
. Combining this with the
rest of the terms gives the α derivative of (7.13) to be∫
d2τ
∫
d2y ∂y
[
y
〈
bτ b¯τX (u1)c¯(0)c(0)e
−φ(0)V1(0)e
ik.X(0)∂ξ(αy)c(y)e−φ(y)V2(y)e
−ik.X(y)
〉]
.
(7.39)
Since this is the integral of a total derivative, it is given by boundary contribution. Possible
boundary terms could arise from around y = 0 if the term inside the square bracket diverged
as 1/y¯ in this limit. Using (7.30), (7.31) we see however that it goes as y/y¯ in the y → 0 limit.
Thus there are no non-zero boundary contributions, showing that (7.13) is indeed independent
of α.
7.5 Two loop dilaton tadpole
The Fayet-Iliopoulos term is also expected to generate a dilaton tadpole at two loop level.
Formalism involving picture changing operators can also be used to compute this. This was
done in [38]. Here we shall review the basic steps of [38] so that the reader can see the close
parallel between the computation of one loop mass renormalization described above and the
two loop dilaton tadpole.
For two loop one point function we need three insertions of picture changing operators. In
the limit of degeneration to two tori, two of the picture changing operators must lie on the tori
that contains the dilaton vertex operator in the −1 picture while the third picture changing
operators will have to lie on the torus without any external state. This was achieved in [38] by
taking one of the picture changing operators on top of the dilaton vertex operator to bring it
to a 0-picture vertex operator. This is convenient (and is analogous to taking the α→ 1 limit
in the one loop analysis) but is not necessary. We shall proceed without taking this limit.
The second step involves expressing the −1 picture dilaton vertex operator as {QS,W}
where QS is the supersymmetry generator in the −1/2 picture and W is the dilatino vertex
operator in the −1/2 picture. This can be expressed as the contour integral of the supersym-
metry current around the dilatino vertex operator.
After summing over spin structures the correlation function involving the supersymmetry
current satisfies the correct periodicity conditions on the genus two Riemann surface. In the
third step we deform the contour of integration of the supersymmetry current away from the
dilatino vertex operator and try to shrink it to a point. Naively one would expect that this
should be possible leading to vanishing result, but it was found in [33,38] that the correlation
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function has spurious poles. Thus the result does not vanish, but can be expressed as the
result of contour integration around the spurious poles. Let us denote by C the sum of all such
contours.
In the next step we move the location of one of the picture changing operators leaving fixed
the position of the contours . As a result the spurious poles shift. As long as we can ensure that
the locations of all the spurious poles as a function of the location of the supersymmetry current
move outside C, the final result will vanish. But in the process of moving the picture changing
operator we pick up a contribution proportional to X (z1)−X (z˜1) = {QB, ξ(z1)− ξ(z˜1)} where
z1 and z˜1 are the initial and final positions of the picture changing operator that is being
moved. Note that in order that the term involving X (z˜1) vanish, we have to ensure that z˜1 is
at a position in which the spurious poles are outside the contour C for all values of the moduli.
In the degeneration limit this can be achieved if we ensure that z˜1 is on the ‘wrong side’, ı.e.
the side opposite to that of z1. In contrast if z1 is on the same side as z˜1 in this limit then
the spurious poles on the other side will be insensitive to z˜1 and continue to remain inside the
contour C.
In the final step we deform the BRST contour in {QB, ξ(z1)− ξ(z˜1)} and express the result
as a total derivative in the moduli space. The relevant boundary contribution comes from
the degeneration limit described above. The contribution in the degeneration limit gives the
expected contribution to the dilaton tadpole [38].
The reader would probably have noticed the close parallel between the one loop analysis
of mass renormalization and the two loop analysis of the dilaton tadpole. In both cases we
move a picture changing operator to the wrong side and show that the resulting contribution
vanishes. Thus the result is given by the difference between inserting the picture changing
operator on the right side and the wrong side. This in turn is a total derivative in the moduli
space and receives contribution only from the boundary of the moduli space.
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